94.2.6. Convergence of a Nonlinear Time Series Model —Solution, pro-

posed by Peter C.B. Phillips. Write X, = (4H)(1 + n)X,—,, where 9, =
1d(0,1), and let Z, be defined by

Zl=(%)l/z(1 +77{)Zr—]s I=1a21~--s
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with ZQ - XQ. Then,
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Because X is independent of the n; and has zero mean, we have £(Z,) = 0.
Next, note that

E(Z}|Fm1) = EUD)VH1 + 1))2 22, = Zy,
so that Z?2 is a martingale. Furthermore,
E(Z}) = E{E(Z} %)} = E(Z8) = 0%,

and hence sup, E(Z?) = o? < o. Thus, Z? is a martingale with uniformly
bounded first moment. By the martingale convergence theorem, Z} con-
verges almost surely as # — oo, It follows that Z, converges almost surely;
i.e., the infinite product

Ze =TI U2 + 9D} Zo

j=1
is convergent almost surely. Hence,
X, = (%)I/Zzt —as 0,

as required.



