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1. Introduction

The idea of developing asymptotics in near unit root situations
is due at various levels of generality to Bobkoski (1983), Cavanagh
(1985), Phillips (1987) and Chan and Wei (1987). These studies
consider models in which the dominant autoregressive root is local
to unity in the specific sense of O (n‘l) departures from unity,
thereby making the value of the root sample size dependent. The
work has proved useful in studying near integrated processes, in
establishing the local asymptotic properties of tests, and in the
construction of confidence intervals.

Recent work has shown that it is also useful to provide a broader
characterization of the locality of unity, the region of stationarity
and the explosive region. In particular, the concept of moderate
deviations from unity was suggested and pursued by Phillips and
Magdalinos (2007a) and Giraitis and Phillips (2006), which leads
to certain new possibilities such as mildly explosive behavior and
gives rise to a new limit theory. This broader approach to modeling
the region around unity conceptualizes the important practical
notion that in finite samples a unit root may be treated as an
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interval around unity, whose size is determined by the sample
length n and measured according to units of 1/n. Outside such
intervals we have regions that involve certain classifiable types of
stationary and explosive behavior, now measured in units of more
general functions of 1/n.

The idea is well illustrated in the simple AR(1) model

Xe =pXe—1+6&, t=1,...,n (1.1)
where ¢, is i.i.d. (0, 1) noise and X, is some fixed or 0,(1)
random initialization. In this model, the unit root p = 1 is

conventionally taken to prescribe the boundary case between
stationarity and explosive behavior. Accordingly, a model with
|p| < 1 is stable or stationary, whereas a model with |p| > 1
is (non-stationary) explosive. However, from both a practical and
theoretical standpoint it has become increasingly clear that in
finite samples of data a unit root is effectively an interval of the
form

pell—ay,1+a], a,=o0(/n),

which shrinks to the singular point at unity as n — o0. Within
such intervals the limit theory and statistical tests that rely on that
theory cannot distinguish different values of p.

Broadening the interval to include roots that are local to unity
in the sense that 1 — p = ¢/n, for some constant c, gives rise to
the class of near integrated processes (Phillips, 1987) with p taking
values in the region

pell—ay,1+a,], a,~c/n
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This class is particularly useful in studying asymptotic local power
functions of unit root tests and in constructing confidence intervals
for p that allow for limit processes within the diffusion class
corresponding to the limits of n=/2X],,,| for various values of c.
Based on this classification of unit roots and roots local to unity,
the region of stationarity may be described by intervals of the type

€ [-1+ay, 1 —ayl,

These intervals of stationarity include moderate deviations from
unity of the form p = 1 — c/k, and p = —1 + ¢/k, where k, =
o(n) and ¢ > 0, as considered in Phillips and Magdalinos (2007a,b).
Likewise the region of explosive behavior may be characterized as

00, =1 —a,] U [1+ a,, 00),

a,n — 0o.

pE(—

In samples of size n we therefore have the following categories:

a,n — 00.

(i) the unit root region, described by pairs (n, p) for which n(1 —
p) = o(1) is very small;
(ii) the near unit root region, described by pairs (n, p) for which
n(1 — p) = 0(1) may take moderate values;
(iii) the region of stationarity, described by pairs (n, p) for which
n(1 — p) — oo takes large values.

In each of these cases we may consider p (and hencev = 1 — p)
to be functionally dependent on n, as has often been done in the
previous literature, thereby making the process X; in (1.1) an array.
However, one may consider the formulation from a more general
perspective in which the parameter p is confined to an interval
that depends on n and certain limit results may be established that
remain valid within the entire region as n — oo. This set-specific
formulation will be understood throughout the paper and it will be
made more explicit as it is needed for the limit theory.

The region of stationarity and unit root region are separated by
a local to unity region in which the least squares estimator p, of
p in (1.1) has a non-Gaussian limit distribution. The size of the
stationarity region is determined by the sample size n and p, and
when n(1 — p) is large, p, has the same asymptotic properties as
in the (fixed p) stationary case. That is,

,/ (pn p)—~>aN(0, 1),

as shown in Phillips and Magdalinos (2007a,b) and Giraitis and
Phillips (2006). The convergence rate behaves as {n/ (1 — ,02)}]/2

~ {n/2(1 — p)}"/? when 1 — p is small. As the sample size n
increases, the stationarity region approaches the boundaries of the
interval (—1, 1). Further, the convergence rate {n/2(1 — ,0)}]/2 is
determined by both n and p and may increase from /n towards
the unit root rate n for small 1 — p. Thus, (1.2) is a set valued result
which holds for all p in a region whose width ultimately depends
on the sample size n.

It follows from (1.2) that standard asymptotic estimation and
inferential theory applies over the whole region of p for which
(1.2) holds. Similarly, in more general autoregressions than (1.1)
and linear regressions where moderate deviations from a unit
root occur, asymptotic normality will prevail although the rate
of convergence may increase or slow down depending on the
value of p and bias effects may emerge because of endogeneity
in the regressors (Phillips and Magdalinos, 2007b; Magdalinos and
Phillips, 2008).

The present paper seeks to explore generalizations of (1.2) for
sample mean, autocovariance and autocorrelation functions near
the boundary of stationarity and under a wider class of models that
allow for linear process errors. Consistency and limit distribution
results are given, as well as conditions for the consistent estimation
of the parameter v = 1 — p which measures nearness to the
unit root boundary. The practical implication of these set-based

(1.2)

limit results is that the limit theory given here is applicable within
certain well defined regions for p, thereby extending the range of
conventional theory to a parametric zone that is close to unity as
n — oo. These regions clarify the extent to which conventional
tests and confidence intervals are applicable. For instance, in the
context of estimating the mean 4 = EX;, the usual normal
approximation for the sample mean X is applicable provided the
parameter p = 1 — v is such that nv is large. The quantity
nv becomes the effective sample size in validating the normal
approximation. The actual rate of convergence to the limiting
normal depends on the value of v (see (2.11)) and therefore varies
over an interval, as shown in Theorem 2.1 and (2.12). As we will
show, related results hold in the case of autocorrelation estimation.

The paper is organized as follows. Section 2 considers a general
class of linear process models, where allowance is made for the
presence of roots that deviate moderately from unity. Our main
results focus on the sample mean, sample correlation and sample
autocovariance function and we establish the rate of consistency
and the validity of normal approximations for these sample
functions. Section 3 contains asymptotic theory for integrated
periodograms (and hence quadratic forms) where the weighting
function may depend on n. These results are discussed in Section 4.
Appendix A contains proofs of the supporting asymptotic theory
of Section 3. Proofs of the main results of Section 2 are given in
Appendix B.

In addition to standard asymptotic notation, it is convenient,
given sequences a,, b, > 0, to use the notation a,, < b, to signify
that C1b, < a, < Gyb,, holds for n > 1 and for some C;, C; > 0.

2. Main results
2.1. Model

We consider the model

o0
Yt:ijgt—ja t:1,2,...,n
=0

where 0 < p < 1 (the closeness of p to unity is later made
explicit and depends on n) and Y; is a linear MA(o0) process with
coefficients bj, where (&) is a sequence of i.i.d. random variables
with

(1—pDX: =Y, (2.1)

Ee, =0, Egf=1 (2.2)

and L is the back-shift operator. Our attention will focus on the
impact of the closeness of p to 1 (i.e., the smallness of v = 1 —
p) on the validity of the asymptotic normal approximations for
the distributions of the sample mean, sample autocovariance and
sample autocorrelation.

The spectral density function f(X), |A| < m, of {X;} can be

written as
f)=@m)7 Mg, A< (2.3)
where
* _ _ i —2 1
FO) =1 =P = e A —cos)”
00 2
g0) = > be™™
s=0
and |p| < 1. Then
f(0)y=Q@m) v g, g =g(0), (2.4)
FfQ) = @4 pA2/3)7", Al <7, Ipl <1, (2.5)

using 2(1 — cos(A)) > A?/3 for x| < m. To check this bound,
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use the fact that 2 (1 — cos (A)) = 4sin*(A/2) > 4 (%%)2 =
(4/7®)A% > (1/3)A% over [—7, ].
We shall assume that gy > 0, and

o0

Yol =G, =1 (2.6)
s=j

for some o > 2. Then, since g is an even function,

lg() —g(0)| < CA%, ||l < 7. (2.7)

This summability condition (2.6) on the coefficients is easy to
interpret and implies the smoothness condition (2.7).

It is natural to raise the question of how the closeness of
the parameter p to 1 impacts the validity of the usual normal
approximation of the distribution of the sample mean and second
moments. Moreover, if p is close to one and may depend on the
sample size n as discussed in the introduction, it is of interest to
determine the set of pairs (n, p) for which the asymptotic theory
corresponding to a stationary model with fixed p continues to
apply.

We also examine the effect of the closeness of p to 1 on
the estimation error, the rate of convergence and the length of
confidence intervals.

2.2. Estimation of the mean

Define the sample mean:
-1 &
X=->"X.
n t=1

It is well known that for any fixed p with |p| < Tasn — oo,

n _
\/%(X — ) —>4N(@,1) (2.8)

where u = E[X;] = 01in case of (2.1). Since f(0) = (27) v 2gy,
this implies

nv? -
\/><x — ) —>aN(,1). (2.9)
8o

On the other hand, the convergence (2.8)-(2.9) fails to extend
smoothly for a unit root model, with p = 1, nor does the model
(2.1) itself exist, unless suitable assumptions are made concerning
the initialization Xj to ensure that it is well defined.

The critical question we address is under which restrictions
on p and n does the approximation implied by the limit theory
(2.8)—(2.9) continue to hold? We shall show that, for given (p, n),
the normal approximation (2.9) holds if nv is large. As discussed
earlier, we allow for an array formulation of the model in which
p = pp and v = v, may change with n.

Theorem 2.1. Assume that {X;} follows the model (2.1), satisfy-
ing (2.6) and

vpn — 00, asn — oo. (2.10)
Then the convergence
nv2 _
— X —u)—>aN(©O,1) (2.11)
£o

holds.

The proof of Theorem 2.1 is given in Appendix B.

We conclude that if the parameter p = 1 — v and sample size
n are such that nv is large, then the normal approximation (2.9) is
applicable. The rate of convergence of the normal approximation
(2.11) depends on the value of v and varies in the interval

n? « Vm? < J/n. (2.12)

The convergence (2.9) shows that the rate +/nv? does not
exceed /n. It becomes slow when v is close to n~'/2 and even
tends to 0, when v approaches n~!. The value of v has a strong
impact on the length of confidence intervals for 1, and estimation
of p dramatically worsens in quality as the unit root model is
approached. The sample mean X is a consistent estimator of u
only if v >> n~"2, and u cannot be consistently estimated when
n~' « v « n~"/2 although the normal approximation (2.11) with
w = 0 still holds. Observe, that the lower bound n~'/? of the rate
(2.9) is in line with results in the unit root case p = 1, for which
under the initial condition X, = 0, we have X; = Z;:l Y; and

where W, is the standard Wiener process and a)§ is the long run
variance of a stationary sequence Y;.

This example demonstrates that the closeness of the model
to unit root non-stationarity not only affects the properties of
semiparametric estimation but can also have a strong impact on
the quality of simple parametric estimation such as the sample
mean.

2.3. Autocovariance and autocorrelation function estimation

We now consider estimation of the autocovariances

Yk = Cov(X, Xo) = /

-7

s

cos(Ak)f (M)dx, k>0
and the autocorrelation function p = y/v0, k =0, 1, 2, ... using
the sample analogues

n—k

~ _ ~ Yk

Ve =1 ]waer, k= >, k>0
t=1 Yo

The next lemma describes the asymptotic behavior of y; and py as
p — 1.Set

_ 1 [T 1—cos(kr) B
I = (27) /,7, 30— cos0)) cos()\))g(k)dk’ k=1,2,...
and
g(A) — &

— -1 i Y1 — el
I'o = (Q2m) /;ﬂ 2(1 — cos()))

The asymptotic distributions of the sample mean, autocovari-
ances, and autocorrelations for short (and long) memory time se-
ries were studied in Hosking (1996). We focus here on stationary
short memory time series which approach the unit root region.
First, we discuss some asymptotic properties of y, and prasv — 0.

Lemma 2.1. Forfixedk =0,1,2,...,asv — 0,

=215 5o, (2.13)
2v 4
yk = yo—Fk"l_o(l)
= B o R+o). k=12 ... (2.14)
2v 4
and
pe=1-2vl+o(), k=12... (215)

Our next theorem deals with asymptotic properties of the
estimators p, and py.

Theorem 2.2. Assume that (Xi,...,X,) is a sample generated
by (2.1) which satisfies (2.6) with p = p,, and where v, = 1—p, > 0
has property (2.10).
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(i) If Ee} < oo, then

1 1
Elpr —wl <C . =Yk <1+O < )) (2.16)
g ,/nv?l g VALY

where C does not depend on n and v,
(i) If Ee?™ < oo, for some 8 > 0, and v, — 0, then

2nv}
5 (Vk — v) —>aN(0, 1). (2.17)
0
(iii) If Ee? < oo then
N 1 v
|ok — prl = Op (— + —”) . (2.18)
noy, n
Moreover, if
nvl — 00, vy — 0, n—> 00 (2.19)
then
T (b — p) —aN(O, 1)
S 3 Wk — Pk) —d » 1),
2(1 — py)?
(2.20)

nvy 1 n
2(1 — pp)? 260V 2v,
The following theorem considers estimation of the quantity /v

in the neighborhood of 0. Denote the periodogram by I,(A) =
@mn)~ YL, e7X;1?, and define

o L

A/21" Iy (M)dA

B (2.21)

Theorem 2.3. Assume that (Xq,...,X,) is a sample generated
from (2.1) which satisfies (2.6) with p = p, and where v, = 1—p, >
0 has property (2.10). If Ee} < oo, then

1 1
Voo = 0 — ).
D = Vv, + P<Un+nvn+ﬁ>

The proofs of Lemma 2.1 and Theorems 2.2-2.3 are given in
Appendix B.

(2.22)

Remarks.

(i) Estimation of p, and py is based on approximation of these
statistics by quadratic forms of the form Z?,s:l bn(t — s)eceg
with suitable weights b,(t — s). In case of py, the diagonal
elements b, (t — s) become 0, whereas in case of y, the
contribution of the diagonal Y /_._, ba(t — s)&?, as v, — 0,
is asymptotically negligible. This representation leads to the
requirement of finite 2 + § moments of &, in (ii), and second
moments in (iii). In the case where v, is fixed, the convergence
(2.17) requires finite fourth moments of &;.

It follows from (2.16) that j is a consistent estimate of yj.
The CLT (2.17) is valid with the convergence rate ,/nv which
depends on the value of v, and varies in the interval

n !« /nvd < V/n.

(iii) As v, decreases, confidence intervals for y, will increase.
When nvﬁ — 0 then (2.17) can be written in the form

n 2o 2
Ve ™~ Yk 1+7Z)’“Vk(1+ f2>,
( yk,/vaﬁ nv,

Z ~N(0,1).

(ii

=

True ACF of AR(2) model: (7-rL)(1-0.4L)X=¢,

--- 05
— 07
—-085
— 095

1 6 11 16 21 26 31 36 41 46
lags

Fig. 1. ACF py of AR(2) model withr = 0.5, 0.7, 0.85, 0.95, n = 125.

Sample ACF of AR(2) model: (1-rL)(1-0.4L)X,= ¢,

lags

Fig. 2. Example of realizations of Sample ACF p, of AR(2) model with
r=0.5,0.7,0.85,0.95,n = 125.

(iv) Theorem 2.2 shows that the sample autocorrelation py is a
consistent estimator of py as long as nv — oo, and Ee? < oo.
The proof indicates that o, — o can be decomposed into a
bias term of order Op((nv,)~') and the stochastic CLT term

/"W”N(O, 1) which dominates the bias under the condition

nv? — oo.

(v) To apply these results in samples of size n we set v, = v =
1— p where p is the parameter of the data generating process.
The parameter v can be consistently estimated as shown in
Theorem 2.3.

The proof of Theorem 2.2 is based on central limit theory
for certain quadratic forms and this theory is developed in the
following section.

Fig. 1 shows the ACF p; of the AR(2) model (1—rL)(1—0.4L)X; =
& for the parameter values r = 0.5,0.7,0.85 and 0.95. Fig. 2
shows a realization of the sample ACF, oy, computed from a sample
of n = 125 observations. Figs. 3 and 4 show the bias p, — o, and
the relative bias (ox — 0k)/px corresponding to these realizations.
The figures confirm the theory based on (2.20) that the rate of
convergence 4/n/v of the sample ACF in the near unit root region
improves when v — 0, and nv>® remains large. That condition is
not well satisfied when r = 0.95, partly explaining the large bias
in this case.!

Figs. 5-6 indicate the adequacy of the standard normal
approximation (2.20) to the probability density function of the

standardized sample ACFs £,(k) = /#(ﬁk — py) for lags
k =5, 25, 45 in the same AR(2) model and with n = 2000. The
probability density of t,(5) was estimated using a kernel estimator

based on 50,000 replications. The figures indicate that the density
is generally well fitted by the standard normal for r = 0.8, 0.95,

1 We thank Violetta Dalla for preparing Figs. 1-4.
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Bias of sample ACF of AR(2) model: (7-rL)(1-0.4L)X,=¢,

03
02
01

-0.1
-0.2
-0.3
-0.4
-0.5
-0.6

lags
Fig. 3. Bias of Sample ACF of AR(2) model withr = 0.5, 0.7, 0.85, 0.95, n = 125.

Relative bias of sample ACF of AR(2) model: (1-rL)(1-0.4L)X = ¢,

8
7
6
5
4 --- 05
; — 07
3 ; —- 085
— 0.95
2 -
) -
0 e
-1
lags

Fig. 4. Relative bias (o — pr)/px of Sample ACF of AR(2) model with
r=0.5,0.7,0.85,0.95,n = 125.

0.6

0.5F

0.4

0.3f

density

0.2F

0.1

0.0
-6

Fig. 5. Densities of f,(k) : k = 5, 25, 45 versus the standard normal for r = 0.8
and n = 2000.

corresponding to the near unit root case with v = 0.2 and
0.05, respectively, although we note that the departure from the
standard normal is greater for larger lag values.

3. Asymptotic theory for quadratic forms

This section provides some supportive asymptotic theory for
quadratic forms and their approximations by quadratic forms in
i.i.d. variables. The methodology developed in Bhansali et al. (2007)
that we follow cannot be applied directly since the bounds for
remainder terms in case of a near unit root parameter p, have to
be derived uniformly in p = p,, corresponding to the closeness of
the model to a unit root model—see Assumption 3.1. The results
of this Section are applied to the sample autocovariances and
autocorrelations of Section 2.

We assume that

o0 o0
X, = (X;asﬁ)yt = X;aSYH, t=0,1,2,...
S= S=|

(3.1)

0.6

05

04

03

density

02

0.1}

0.0
-6

Fig. 6. Densities of f,,(k) . k = 5, 25, 45 versus the standard normal for r = 0.95
and n = 2000.

is a linear process where

o0 o0
o= (bt Jor =3 b
s=0 s=0

(&¢) is a sequence of i.i.d. random variables with Ee; = 0, 55[2 =1,
and the real coefficients a,, by are absolutely summable. We can
write X; as

o0 o0 o0
X = (Z aij> (Z bsLs>et = Yubru, £=0,1,2,...
j=0 s=0 u=0
with
u
Yu=) @byt u=012,....
k=0

The spectral density function f (), |A| < 7, of {X;} can be written
as

f) = Qo) M, Q) = %()%() (32)
where
> . > ..
Ya) =) ae ™, W) =) be .
s=0 s=0
We impose the following restrictions on as and bs.
Assumption 3.1. (i) The coefficients g; satisfy
lgjl <Cpl, j=1,2,3,... (3.3)
for some 0 < p < 1, where p = p,, may depend on n.
(ii) The coefficients b, are such that
o0
Dbl =G, j=1,2.3,... (3.4)

s=j
for some o > 1/2, and the bs do not vary when n changes.

C here and below denotes a generic positive constant which
may change from line to line but does not depend on n and p. The
parameter p in Assumption 3.1 characterizes the closeness of the
process X; to a unit root process and plays the same role as the
AR(1) parameter p in model (2.1). We keep the same notation, to
relate the results to the applications of Section 2. As before, we let

v=1-p. (35)
Under Assumption 3.1, the spectral density
o0 . 2
FO)<C]Y P <cv? (3.6)
j=0

is bounded by a constant times v~2 which increases to co as p
tends to 1. For example, the model



L. Giraitis, P.C.B. Phillips / Journal of Econometrics 169 (2012) 166-178 171

o0 o0
Xe=(1-p)7', = (Z prf) Yo=) 0V,
j=0 j=0
where 0 < p < 1 and Y; is an ARMA(p, q) model that has
properties (3.3) and (3.4).
In effect, we consider data that takes the form of a triangular
array

Xi, oo X)) = XA, LX), =12,

generated by model (3.1) where, as n increases, the coefficient
p = pn in (3.3) may change with n, e.g. they may approach unity,
whereas the coefficients b; remain the same and satisfy condition

(3.4) with the same C and p for all n.
Denote by

2
L) = !
’ T omn

2

1
L(A) = —
n() = —

n n

E : oM § : oM
Xje gje

j=1 j=1

the periodograms of the observed variable X; and the noise variable
&;. A number of useful statistics can be written in the form of
functionals of the integrated periodogram

T

T = [ mn G
-7

where 1, (1) is areal even function. The well-known Bartlett (1955)

decomposition

I(A) = 27f Ml e (M) + La(R) (3.7)

divides the periodogram I,()) into the weighted periodogram
27 f (M), . (A) of the noise and the remainder L, (A). The expression
suggests that T,, x can be similarly decomposed as

Tox = Ty + “small term”

where

bl
The=2m / N (A)f (W, (M) dA,
-7

is a quadratic form of the i.i.d. variables ;. If the remainder above
is dominated by T,., then one can analyze T,x via T, .. Our
objective is to derive a precise upper bound for the remainder term.
Then, using asymptotic theory for the quadratic forms T, . in i.i.d.
variables, we derive the asymptotic distribution of T, x. We shall
assume that the functions 5, have the following property.

Assumption 3.2. 7, is a real even function such that

M) <kn, Ae€l-m, 7], n>1 (3.8)
Thus, the functions 7, are bounded but their upper bound k,, might
vary with n, for example, 1, may be a kernel function.

Let

ha(2) = na(Wf (). (3.9)

ThenT,, = 2n ffﬂ hy (M) (A)dA. We shall assume that h, (u) is
periodically extended to the real line R. Set

lha||? = /n hZ(1)dA. (3.10)

-

Theorem 3.1. Suppose that Assumptions 3.1 and 3.2 hold and the
noise {&;} has finite second moment.
Then, forn > 1,

kn

E|Thx — Thel < C—, (3.11)
nv

and

Tox = / N (Vf M)dA + (Tn,e - E[Tn,s]) + 1y,
T (3.12)

kn
Elra| < C—5.
nv

If &} < oo, then

E

( kn /IIhn||2>
<C +
nv? n

kn kn
<C +
nw? - /m3

where C does not dependonnandv =1 — p.

Tox — / In(Of (V)dA

T

(3.13)

Theorem 3.1 provides sharp upper bounds for the remainder
term which reflects the interplay of n and p, with no restrictions on
p imposed. The bounds (3.11)-(3.13) hold uniformly in0 < p < 1,
but they show that the remainder is negligible, only if nv? is large.
The constants k, play a secondary role. If the functions 1, () do not
depend on n, we can set k, = 1. The proof of Theorem 3.1 is given
in the Appendix.

Next we derive the CLT for the term T, , — E[T}, ] in (3.12) and
describe conditions under which it dominates the remainder r;,.

First, to evaluate Var(T,.), we introduce the matrix E, =
(en(t — k)¢ k=1,....n with the entries

en(t) = 27 / i hy(A)e™tda, (3.14)

-7

and denote by [[E,|| = (3 ,_; e(t — k))'/? its Euclidean norm.
Observe that

Q@rm?Var(Ty) =2 Y er(t —k) + Var(ed)ea(On.  (3.15)

t.k=1:t#k
Then
1 2
Var(Tye) < — [IEqll". (3.16)
n
If eﬁ (0) = 0, then E, has zero diagonal, and
Var(Ty.) = ——— Bl (3.17)
ar = — . .
YT a2 "

To derive the asymptotic behavior of ||E,||?> we introduce the

following L, continuity assumption.

Assumption 3.3. Forany K > 0,

b
sup / lhy(u — X) — hn(x)|2dx/||hn||2 — 0, n— o0. (3.18)

lul<K/nJ -z

Assumption (3.18) means that, for u = O(n™!), the normalized
function h,(u — -) is close to h,(-) in the L, norm. It is satisfied
for example, if h, = h does not depend on n and ||h|| < o¢.In
Lemma A.2 in Appendix A we show that under Assumption 3.3,

IEll? ~ 270) nllha?.

Lemma 3.1 provides the central limit theorem for the quadratic
form T,, in iid. variables, and is a direct consequence of
Theorems 4.1 and 4.2 in Bhansali et al. (2007) and Lemma A.2
below. It takes into account the fact that the upper bound k} in
(M) f (L) < ki might be smaller than the product Ck, x v~ of
the upper bounds |7,(A)| < k, and f(L) < Cv~2.

We shall distinguish two cases, (c1) and (c2), when the CLT does
not require finite fourth moment of the noise &;.
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Case (c1):
Ee} < oo, and f ha(A)da = 0. (3.19)
-7
Case (c2):
Ee?*’ < 0o forsomed > 0, and
(3.20)

b4 T 1/2
/ hn(k)d/\=o(</ hn(/\)zd/\> )

Case (c1) corresponds to the case where E, has zero diagonal,
whereas case (c2) corresponds to the case of an asymptotically
vanishing diagonal, a situation that often occurs, for instance, in
the case of quadratic forms in kernel estimation.

Lemma 3.1. Suppose that h, satisfies Assumption 3.3,
[ha(A)] < Ky

and

nx=1,

k*
—n (3.21)
n | hn?

(i) If Ee} < oo, then

[Var(Ty,.)]~"/? <T - f hn(x)dx> L N, 1),

- (3.22)

v _ il

ar(Tpe) <X —.
n

(ii) If (c1) or (c2) hold, then

[ n i d
m(’]ﬂmg — [ﬂ hn()\.)d)\.> — N(O, 1).

Lemma 3.1 remains valid also for any sequence of real even
functions h;,,(A) without assuming (3.9).

Applying Lemma 3.1 to the asymptotic expansion (3.12) in
Theorem 3.1, we obtain the CLT for T, x. Condition (3.24) assures
that the main term T, , — E[T, ] satisfies the CLT and dominates
the remainder term r;,.

(3.23)

Theorem 3.2. Suppose that Assumptions 3.1-3.3 are satisfied and, as
n— oo,
kn/v?

e o (3.24)
n | hn?

(i) If Ee! < oo then

[Var(T, x)]~""? (Tn,X - /ﬂ nn(?»)f(?»)d?») S NO. 1) (325)

T

and

[[hn 2
Var(T, x) ~ Var(T,,) =< .
n

(3.26)
(ii) If (c2) or (c3) hold, then

n ﬂ J
m(ﬂ,x - /ﬂ nn()»)f(x)dk> — N(0, 1). (3.27)

4. Discussion

The idea of approximation results similar to those in Theo-
rem 3.1 goes back to the work of Hannan (1973) and Hannan and
Heyde (1972). Classical results in the time series literature cover

the case where the function n,(A) = n(}) is continuous and does
not depend on n, and {X;} is a stationary ARMA process. Brockwell
and Davis (1991), Proposition 10.8.5, showed that

ETox — Toel = o(n™"/?). (4.1)

Bhansali et al. (2007) extended this type of approximation to the
class of linear processes {X;} allowing for both weak and strong
dependence as well as antipersistence, and allowing 7,(}) to
depend on n. The bound (4.1) was improved to the sharper bound

E|Tox — Toel = 0(m™").

In the present paper, Theorem 3.1 provides the approximating
bounds

E|Tox — Tnel = O((mv*)™ ),

T ky kn
T = [ GO G)an sc<nv2 " W)

4
that hold uniformly over n and the parameter v = 1 — p
characterizing closeness of the model to the boundary of the
stationary region.

The conditions of the CLT of Theorem 3.2 are easy to check.
This theorem simplifies the derivation of asymptotics for statistics
which can be written in the form of functionals of the integrated
periodogram T, x. For instance, these approximations can be used
to derive the asymptotic distributions of sample autocovariances
and spectral density estimates based on kernel methods.

E

Appendix A

Proof of Theorem 3.1. Set

n—k
2t Y yP, fork <0,
j=1-k
Uk = n
27 Z 1,0-2, forit<k<n
j=n—k+1
and

o0
dy=27 ) Y} n=01.2....

j=n+1

Let V, = Y, v and R = Y|yl First we prove the
following technical result.

Lemma A.1. Assume that n,(}) satisfies Assumption 3.2. Then

n
E|T, — Toel < Cn 'k, (vn +ndy + VPR +dg? Y v
k=0

+n"/2d)/?R + nd;/zdg,/z) (A1)

where C does not depend on n and p.

Proof of Lemma A.1. Define

n—k
oy
> vie ™,

j=1—k

fork <0,
dp(A) =

n

— E 1//je’“f, fort<k<n
Jj=n—k+1

and

o]
e =Y Y™, n=012,...

Jj=n+1
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For integers k and t, we introduce the coefficients:

va(k, t) i= / e R ()d (W) (M) |dA,
Bl t) = / e ()W () (LA,
fn(k, €) = f e e, (W12 [na (M) dA,

T

Gtk ) = / e, G () ().
-

Observe that

e m
o = f O Pdh, dy = / a0 Pd,
- -

do == / | (1)|dA,

n—k
v = C Z y fork <0,

j=1—k

n
— 2
v =C E wj for1 <k <n,
Jj=n—k+1

[e¢]
d, =C Z wjz.
j=n+1

To derive the bound (A.1), we shall use the estimate (5.31) of
Bhansali et al. (2007)

E|Ty — Tyl < Cn™ (EYal + EIVia| + E[Vaal) (A2)
where it was shown that
n n
ElYy| < C( D vak k) + > palk, k)) =: Clsn1 + Sn2ls
k=—00 k=1
n n 1/2 n
E|Vai| < c[(Z > |ﬂn<k,r)|2) +Z|ﬂn<k,k)|}
k=—o00 t=1:t#k k=1
=t Clsys + snal.
n
E|Va| < [(Z Z |n(k, t>|2) +Z|cn<k,k>|]
1 t=T:t#k k=1

= C[ n,5 +Sn,5].

Recall that |n,(A)| < k,. Hence, by (A.2),

n
Isn.1] < Ckn Z / ldi () Pdh = Chn Y v = CnVi,
—T

k=—00

Snal < f (0 (3) i, = Cleyndl,
n_n T
sual = Gy [ 1119 Gl
n o 12,
cmZ(/ |dk(A)|2dA> (/ |lI/(A)|2dk>
k=i Ao -7

Ck, Z vl/z 1/2

T
Isn.s| < Ckan / lea (] 1 (W) ]d < kond,/?dy/.

-7

1/2

IA

IA

The estimates (5.26)—(5.27) and (5.28)-(5.29) of Bhansali et al.
(2007) imply that

ss=C ) / AW ()1 ()P d,

k=—

Sns < Cn f ’ |cn Q)W (W) (A [PdA.

-7

Since |n,(})| < k;, and

W) <CY Iyl < CR,

j=0
it follows that

T n
Sn3 < Ck2R? Z / ldi (W) Pdh = CICR? Y " v = CKARV,
k=—o00 Y —T

k=—00

Sps < CkﬁnR2 /

-

lca(W)[PdA = Ck2nR%d,,.

Hence
51/32 < Ck,V/?R, s;/sz < Ck,n'/?d!/?R.

The above bounds for s, j, j = 1,..., 6 prove (A.1). O

Now, using Assumption 3.1 we estimated quantities V,,, d,, do
and R. We have

Jj
Y = Zasbj,s, j=0.
s=0

Recall that |g;| < Cpj,j=1,2,...
1, where o > 1/2.
First we show that

and Z}fk |bj| < Clk|='7*, k >

[yl < CG77 + 017, (A3)
where C does not dependon p andj = 1,2, 3,.... Write ¢; =
¥ + ¥;" where

j/2 j

=@m)™" Y b

t=j/2+1

T = (27'[)7] Zatbjft, wf‘—
t=0

In the sumin y;~ we have j — t > j/2. Therefore

/2
v |<CZ|bJ t|<cZ Iby| < ClIT'™ j=1,2,.
v=j/2
W <C > p'he <Co* ) by < Cp
t=j/2+1 v=0

Applying (A.3), it follows that for k > 1,
o0 o0 .
DU =CY )
=k =k
0 .
C <k12a +pk2p]> E C(k71720( _'_pkvfl)-
Using this bound, it follows that

|k_ ]|—1—2a + ,O_kv_I,
v <C {(n Sk 1)y ko

fork <0,
fori<k<n
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and
do<Cv7',  da=C 4o, n=1,2,...,
T o0
FOYA=CY P =Cdy < Cv". (A4)
— =
Then
n
o= 3wz oY (kg o)
k=—o00 k<0
n
+ Z((n _ k+ 1)71720( + pn7k+1vf1)
k=1
o0 o0
< C(Z(’<+ 1)—1—20{ +Zpkv—]> < CU_Z,
k=0 k=0
and

o0
R<Y Il <CY (k+ D)7+ o) < v,

k=0

2

=~
Il
<)

Moreover, since fork=1,...,n
1/2
U’:/z < C((n—k—|— 1)1 +pn7k+1v—1)
< C((n k4 1) +p(n—k+1)/2v—1/2)

and @ > 1/2, then

n n
Z v’:/z < CZ((n k4 1)V p(n—k—H)/ZU—l/Z)
k=1 k=1

< cv32,

Note thatlogp < —(1 — p) for 0 < p < 1implies

np" = nexp(nlog p) < nexp(—n(1—p)) <1/(1 —p) =1/v,
np"? < 1/(1 = /p) < C/v.

Now we use these bound to estimate the terms on the right hand
side of (A.1):

Ve <Cv % ndy <Cn* +np"v ") < Cv 2,

n
VIPR<cv?,  d)? Z v/ <cv?,
k=1

n1/zd'11/zR < Cnl2(n 12 4 o212y < cy2,
nd;/zdé/z < Cn(nfl/Zfa +pn/2U71/2)v71/2 < Cv’z,
we obtain

E|T, — Tpel < Cn kyv ™2

which proves (3.11).
It remains to show (3.13). We have T, , = 27 ffn ha(W) I (V).
By (3.16),

A

n
Cn 2 (|Ea> < Cn 2 ) en(t —s)

t,s=1

Var(Ty,¢)

IA

!t Y ) =Cn! f " IO P

V=—00 -7

< Clcin_1v_2

T
fydr < cn k3

-7

by (3.6) and (A.4), which together with (3.11) prove (3.13). O

Lemma A.2. If function hy, satisfies Assumption 3.3 then, asn — oo,

EalI? ~ 27) nllha?. (A5)

Proof of Lemma A.2. By definition,

n

IEAI> = D en(t —5)°

t,s=1
= (27)? / / Z eI (x)hy, (v)dxdy

Tt s=1

= (27)* ’ Dy (1) *sn () du

-7

where D, (u) = Y{_, e and s, (u) = |7 hy(u — x)hy(x)dx, |u] <
7. Write

/ Dy (u) *sn(W)du = s,(0) | |Dp(u)|*du+ I

where I, = [7 Dy (u)|*(sy (1) — $(0))du. Since s,(0) = ||h,]|* and
S IDn(u)|*du = 27n, it suffices to show that

In| = o(n [|ha]|®). (A.6)

For K > 0, write I, = I 1 + I, > where

Ina =/ Dn(u)? (55 (1) — 5(0))du,
K/n<|u|<m

ha= [ DRG0 5,0
|u|<K/n

By the Cauchy inequality

x 12 ; on 1/2
|sn<u)|s</ hi(u—x)dx) (/ hﬁ(x)dx) — ol

since h,, is periodically extended to R. Moreover, forn > 1,

IDa(u)| < C lul < 7. (A7)

1+ nul’
So, for any fixed K > 0,

2
n
It = Cllh ||2/ < CllhPny,
! " Sk n<tuien (14 njul)? "

1
Sk ::/ 72du—>0, K — oo.
=k (14 [u])

To estimate I, 5, note that

b4 1/2
sup [sa(u) —s,(0)] < sup (/ Ihn(u—X)—hn(X)lde>

[ul<K/n lul<K/n T

. 1/2
x(/ hgooax) = o(l|1?)

by Assumption 3.3. Then for fixed K > 0,

Ina < sup |sp(u) —sa(0)] Dn () [Pdu = o(|hy |I* m)

lul<K/n lul<m

which completes proof of (A.6). O
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Appendix B

Proof of Theorem 2.1. The general idea of the proof is similar to
that of Theorem 18.6.5 in Ibragimov and Linnik (1971). We provide
a detailed proof. Start by writing the linear process X;, given in
(2.1),in the form X; = Zngoo Yt_s&s. Then

n n n
Sn = th = Z Cn,s€s, Cns = Z Y.
t=1

s=—00 t=max(1,s)

Write, S, = Sap1 + Sp2 where Sp1 == Y ¢ Cns.Sn2 =
z?}w Cn.s€s. We shall show thatasn — oo,

anz = Var(S,) ~ ngov 2, (B.1)
0y 'Su1—>aN(O, 1), (B2)
0, Sn2—p0, (B.3)

which proves (2.11). Observe that

o2 =Vars) = [ FOIDLId

-7
where

n 2

2

Z eitk

=1

Since by (2.4) f(0) = (2r)~'v~2g,, then
T

F(O)ID,()[Pdr = nv~2gp.

-7

Then (B.1) follows if

sin(ni/2)
sin(A/2)

IDy(M) > = =

[f (X) = F(O)] IDa(M)[*dA = o(nv™?). (B.4)

-7

By (2.3)
F) =FO = @) (g () — vl
(10 = £ @lg®) +1" ©1g0) — £(0)])
C(AF* v~ +v720%),
since f*(0) < Cv~2 and
() = f* @) = [v* +2p(1 = cos(1)) " — v
= v

and, by (2.7), |g(A) — g(0)] < CA2.Since |D,(1)|*A? < C, the left
hand side of (B.4) is bounded by

IA

IA

big

c/ﬂ v 22 (L) 4+ AD) D (W) PdA < c/ v 2(F* (L) + 1)dA

-7 -7

< c/ v2[(v + pA%/3)7 4 1]dA

3

<Cv 3 =o(mv?),

because nv — oo by (2.10), and using the bound (2.5) for f*.

Since the ¢; are i.i.d. variables with zero mean and unit variance,
to prove (B.2) it suffices to check validity of Lindeberg condition,
i.e. to show that for any § > 0,

n

Lo -2 2 2

ip == o, E Elcy s&5 iy eslzons] = 0, 1 — 00.
s=1

First we show that,

s=1,...,

Using the notation ¥ from (3.2), we can write s = 27) 7" [7 €™
¥ (x)dx,s =0,+£1,....Then,for1 <s <n,

n

Gs= ) Yes=@m)"

t=max(1,s)

T n
> T (xydx. (B.6)

T t=s

Using the bound |¥ (x)| < Cf(x)'/? < Cf*(x)"/? < Cv~! which
follows from (3.2), (2.3) and (2.4), we obtain

n

T
Cn,s| < Cv_l/ Z
-

t=s

ei(t—s)x dx

b
< Cv_lf |Dp_s(x)|dx < Cv~'logn
-7
foralls = 1,...,n using (A.7). Since o, ~ Cn'/?v~", this proves
(B.5).
Fix K > 0.Then 0 := E[¢?1;s,~x] — 0,as K — oo. Therefore,
in view of (B.5),

A

Elcy (21 1cp geslz00n] < (800) 2ElCy 8 1jey<k] + € E[€21165k]

cr (0(1) + by).

Then, using o2 = Y © c?

s=—00 "n,s’

A

n
in < 0,7 ) cr(0(1) + k)
s=1
=o0o(1)+6¢k >0, n— o0, K— o0,

which completes proof of (B.2).
To show (B.3), note that

0
ES2,= Y ¢ (B7)

§=—00

Note that for s < 0, by (B.6),

T .
Chs = (2”)71/ e ™
- ¢

= 27)7! / i e N el (@ (x) — w(0))dx
- t=1

n

e (x)dx
1

since [¥(0)| < oo and [7 e ™Y1 ™y (0)dx = 0 fors < 0.
Then by Parseval’s identity,

T n
ES?, < cf > e

t=1

2
|¥ (x) — ¥ (0)|dx.

Observe that
o0 . o0 )

w(x) = (Z pfe-”"> (Z bse“”‘> = ¥, (x).
t=0 s=0

We have that

|@,(x) — ¥,(0)] < |(1—pe ™' —(1=p)
< 2lxv ¥, ()1,

whereas by (2.6), |¥,(x) — ¥,(0)| < C|x|. Then
¥ (x) — ¥ (0)]

A

[, (%) = ¥, (0)] [¥ (%)
+ ¥, (0)] [ (x) — ¥ (0)]
CUxIv ¥, (0] + [xlv™ ).

IA
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So,

m
0 2ES?, < Cor / IDaGO 2 (xlo ™ 19, (0] + Ixv™"Ydx

-7

T
<Co? | WHE,®|?+v2)dx < Co 203
n 14 n
-7

v? 1
<C—=—->0
nvd  nv
by assumption (2.10), which proves (B.3). O

Proof of Lemma 2.1. Using f (L) = (27)~1f*(X)g (L), write
T
vo= [ f)dr=s1+s;
-7
where

s1=Q2n)"! f*(M)godA,

-7

s =Cm)7 " [ ff)EQ) — g)dh.

Then

- £o g | 8o
=g(1—p>) 1=— =24 = 1).
$1=8o(1—p%) 2@ — ) 79 T2 7o
By (2.7) and (2.5),

FfMlg) — gl = CA* (0 < C
for any v. Since for each A, f*(A) — 2(1 — cos(A))"'asv — O,
then by the dominated convergence theorem,

_ a7 8 —g
5= (27) /_ 2(1— cos(%))

which completes the proof of (2.13).
To prove (2.14), write

dr, v—0 (B.8)

Ve = / ! cos(kM)f (L)dr = ”f (A)dxr

-7 -7
ba

+ (cos(kr) — Df(A)dr =: yo + Ry.

-7

Since yy satisfies (2.13),and | cos(kA) — 1| < CA2, then by the same

argument as used in (B.8), it follows
Rk — —Fk, v —> O,

to prove (2.14).
Finally, by (2.14) and (2.13),

Yo _vo—Tlito@® . Teto()

Pk = =
Yo Yo Yo
I, +o(1
__Tko@® —2vli+o0(1). O
(2v)~1(140(1))
Proof of Theorem 2.2.

Proof of (2.16)-(2.17). Write

Pe=Tox = / ! cos (kM) (L)dA. (B.9)

Applying (3.13) of Theorem 3.1 with n,(A) = cos(kA) and k, = 1,
it follows that

1 1 1
—wl=ClS+—=|=C—,
' nvy - /nu? nv}

since 1/(nv,21) < C/y/nv} under (2.10). Next, by (2.14), 1/y, < Cup,
and therefore

);k:Vk<]+OP<W>):Vk<1+op<\/:17n>>y

proving (2.16).

To prove (2.17), we shall show that assumptions of (ii) imply
that (c2) of Theorem 3.2 is satisfied. Set h,(A) = cos(kX)f (1). Let
v = v, and

Ihall? = / ’ h2()dA,
o (B.10)
W) = / o (x4 1) — o ()Pl

-7

By Lemma B.1(ii) below,

1 _
Ihall” ~ —ggv™ (B.11)
and J,(u) < Cu?v~>. Therefore, for any fixed K > 0,

sup Ju(u) < C(v) v~ = o(||hy]|?)
ul<K/n

in view of (B.11), since vn — oo. Next
i b
/ lha()|dA < C [ f*)di < Co™" = o(l|ha[1?),
7T -7
because of (B.11). Finally, since k, = 1

kn/v? 1/v? _ 1

~ =C —0
Vllha|? vnv3 Vv

showing that condition (3.24) of Theorem 3.2 is satisfied.
Therefore, by (3.27),

[ n . d
_— — — N(0, 1),
a7 |2 ()/k Vk) 0, 1)

where n/ (47 ||hy||?) ~ 2nv?/gZ, proving (2.17). O

Proof of (2.18). We have

Jo coskM(Wdh y Tax
S n(d o

Pk — Pk =
where

Tox = / MM (),

T

M (A) = cos(kr) — pr.

Observe that /7 1,(A)f (\)dA = 0 and

[nn(A)] < Clcos(kh) — 1| +[1— pl < CA*4v) <C (B.12)
by (2.15). Then by (3.11) of Theorem 3.1,

Tox =Tne —E[Tnel + 1. Elnl < Cnv*)™! (B.13)
where

e
T =2 [ Bl ) = (cos00) — pof ),
T
Since ffﬂ h,(A)d) = 0, from (3.17) and Lemma A.2 it follows that
Var(Ty.e) = 2Q2un) 2[|Eq|1* < Cllhall?/n,

Ihall? = / RO

s
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This implies

1 ka1
[ET, x| < C| — + .
’ nv? n

Estimating 1, (1) by (B.12), and noting that for small v, (2.5) implies
f(A) < C(v? + A?)~!, we obtain

T )\’2 2 1 A 2
Il < C 7(2 +”2)2d)\§c+c/ W+,
—r A2 +?) 1 (A2 +0?2)2
o] 2
1 (A +1) 1
< C+Cv / 7(A2+1)2dk§Cv .
—00
Thus

1 1 1 1
Eix|<C| —S+—=), Tahx=0|—=+—.
ETnx| = (nv2 m) X ”<nv2 m)

We show below that
7o =2 (1+0@) +op(D)
2v

as v — 0, which implies o — p = Op(s- + /%), to prove (2.18).
In addition we show

L(T — E[T,:]) >4N(0, 1)
(1_pk)2g§ n,e n.e d B

which together with (B.14) and (B.13) implies (2.20), since
(nv})~! = o(1//nv,) when nv} — co. O

Proof of (B.14). Write yy = ffn I,(A)dA.By (3.12) of Theorem 3.1,
)A/O =Y + Qn + Op((n02)71), Qn = Tn,s - E[Tn.s]~

Note that yp = g—%(l + O(v)) by (2.13) of Lemma 2.1. Using the
matrix E,, with entries defined as in (3.14), we can write

n~! Z

t,s=1:t#s
= Qu1+ Qua.

Under assumption Ee? < oo,

(B.14)

(B.15)

n
Qn en(t —s)eres + en(o)n_1 Z(Srz - Estz)
t=1

Var(Qu1) < Cn?|E)l> <Cn' [ fP(x)dx

-7
< Cm’)' =o(w?)
by Lemma A.2 and (B.18), using assumption nv — oo. Hence
Qa1 = op(v™"). On the other hand, by ergodicity, n=' Y/, (¢ —
Ee?) = op(1), and

T

en(0) = 27) 7! nf(x)dx <C | f*Qdr<cvl

Therefore Q, > = op(v~!) which proves (B.14). O

Proof of (B.15). The proof of this fact is based on part (ii) of
Lemma 3.1, noting that T, . satisfies assumption (c1). For that we
need to evaluate quantities | h,||? and J,(u) in (B.10).

Note that

ha(x) = (cos(kx) — p)f (x)

= (cos(kx) — Df (x) + (1 — pp)f %)

=0+ (- p)fx) (B.16)
since |(cos(kx) — 1)f (x)| < Cx*f*(x) < C,|x| < m. By (2.15),
1— px ~ 2vl%, v — 0.Hence
h2(x) = (0(1) + (1 — pf (x)?

= 0(1) + 0(W)f (®) + (1 — p)*f*(x)
and

Ihall? = / ha(dx = 0(1) + (1= p* | f0%dx.

By (B.11), /™ _f*(x)dx ~ gZv—3/(87) which implies

1 _
hall* ~ (1 — pk)zggév 3, (B.17)

To estimate J,(u), note that by (B.16)

[(h(x +u) —h(x)| = 10(1) + (1 — p) F(x + u) — f(x))]
Hence

Jn(w)

IA

C(l + (= p)? If (x+u) —f(X)IZdX)

= C+(1—py*0W’v™)
in view of (B.19). So for |u| < K/n, where K is a fixed constant,
U] < €+ (1= p)?0((nv) ?v™>) = o(||hall)

because of (B.17) as nv — oo. Hence h,, satisfies Assumption 3.3.
It remains to show validity of assumption (3.21) of Lemma 3.1.
By (B.12) and (2.5),

ha ()] = M (Of )] < CE +v)/ (V> +x) <Cv™' =Kk
Then

ke/V/n lIhal2 < C(1/)/v/nv=t = C//nv — 0.

Therefore, by (3.23),

/@ Tl (T = ElTol) > NGO, D,

where n/(47 ||hy||?) ~ 2nv?)/((1 — px)?g3) ~ cnv which proves
(B.15). O

LemmaB.1. (i) Let f be asin (2.3) and (2.6) holds. Then, as v — 0,

i 2 ~ i 2, -3

_nf (x)dx o (B.18)
and
J@W) = i If (x + u) — f(0))?dx < Cu?v™> (B.19)

=TT
where C does not depend on u and v.
(ii) Estimates (B.18) and (B.19) remain valid when f (x) is replaced by

cos(kx)f (x).
Proof of Lemma B.1. First we show (B.18). Note that f =
(2m)~f*g where |g(x) — go| < Cx?, and x*f*(x) < C. Hence,
fx) =@M f*®gx) = Qr)~'f* (g + 0(1),
PP = @m)gef*(®)? + 0(Df*(x) + 0(1)
= m) g f*®* + 0@ ™).

Observe that,as v — 0,

nf*z(x)dx = /n v2 +2p(1 = cos(x)) 2dx

- -
*° b4
~ v’3/ 14+ x)72dx ~ =073,
. 2
since [0 (1+x%)2dx = 7 /2, see Jeffrey (1995, 15.1.1(16)). Hence
g T
FPdx = 2m)7%g; | (F*®)° + 0w ))dx
-7 —IT

= g2 4 o1,
8w

to prove (B.18)
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To show (B.19), note that

e+ u) — f*(%)] < 2| cos(x + u) — cos()|f*(x + u)f*(x)
Cu(lx] + [x +uDf* (x + u)f*(x)

IA

since

[cos(x +u) —cos(x)| < |u| sup [sin(§)| < [u|(|x| + [x + ul).

£elx,x+u]
Since f*(x) < Cv~2 and |x|/f*(x) < C, then |x|f*(x) < Cv~!, and
F* & +w) = f* @] < Clulo™ (F* (0 + f*(x + ).
Under assumption (2.6), |g(x 4+ u) — g(x)| < C|u|. Therefore
fx+uw —f®|=f"&x+wgk+uw —fFFxgX]
< Clf*(x+u) — ()|

+ @ gx) —gx+ u)
Clulo™ ' (f* (%) + f*(x + u)).

IA

Hence

g
Jw < v | () +f (x+w)’dx
o
< v | fr)?dx < cutv™
-7
by (B.18), which proves (B.19).
In case (ii), the estimates (B.18)-(B.19) follow using the same
argument. O

Proof of Theorem 2.3. By (B.14), we have that
209 = go + O(v) + 0p(1).

We shall show that

m 1 1
t, = AV Godx = 22 4 op (14 — + —— B.20
o= [ weod= 2 vo (14 5+ o) B20)

which implies (2.22). By (3.13) of Theorem 3.1,

Y 1 s 1|2
th = [x|°fx)dx +O0p | — +
,ﬂ nv n

where, using (2.5),

[[ha]|* = f [x|f? (x)dx < Cf |X|(v? 4+ x5 2dx < Cv 2.

e -7
To prove (B.20) it remains to show that

in = f ’ x|"/2f (x)dx = (2v)~2go + O(1). (B.21)

—7T

Write

in = Qm)"! fﬂ |x|"/2f* (x)godx

-7

+ Q)" f Ix|"/2F* (%) (g (x) — go)dx

T
= in,l + in,2-

Since |f*(x) (g(x) — go)| < Cf*(x)x*> < C,theni,, < C.To estimate
in.1, Write iy 1 = jn.1 + jn.2, Where

m
Jn zgo(Zn)‘lf Ix|"/2(v? + %)~ dx,

-7

jna = @m)7! /ﬂ XIV2 () = (0% 4+ %) " Ddx.

T

Observe that

IF*(0) — > + 271 < ¥ = 2p(1 — cos(x))|f* (x) (v* +x*) !
< C® +xH(? +x*)72
<Cw*+x)1+1)

since

x> = 2p(1 — cos(x))| = |¥* — p(x* + 0((x)")| = ¥*v + O(x")

and f(x) < C(v*> +x*) "1 by (2.5),as v — 0. So,

lina| < c/n Ix|V2(w@? +x*)"1 4+ 1)dx < C.

-7
Next, observe that

A::f |x|]/2(1+X2)_1dX=/ 74 +y)ldy

o) 0

T
= — ﬁn,

sin(37/4)
using formula 15.1.1(2) from Jeffrey (1995):

/oo yp—l T
dy = — ,
o 14y sin(pr)

Therefore, changing variables we obtain,

v
jnn = gov 2 21)"! / XV2(1 4+ 22 dx

- /v
= gov 22m)"A+0(1) = g(2v) ? +0(1)

which together with estimates above implies (B.21). O

O<p<1.

7/
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