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This note analyzes the local asymptotic power properties of a test proposed by
Breitung (2000, in B. Baltagi (ed.), Nonstationary Panels, Panel Cointegration,
and Dynamic Panels). We demonstrate that the Breitung test, like many other
tests (including point optimal tests) for panel unit roots in the presence of inci-
dental trends, has nontrivial power in neighborhoods that shrink toward the null
hypothesis at the rate of n~ /4T ~! where n and T are the cross-section and time-
series dimensions, respectively. This rate is slower than the n~ /27 ~! rate claimed
by Breitung. Simulation evidence documents the usefulness of the asymptotic
approximations given here.

1. MOTIVATION

In the past decade or so, there has been much interest in testing for the pres-
ence of a unit root in panel data. Many researchers have proposed statistics to
test the hypothesis of a common unit autoregressive root. Recent surveys by
Baltagi and Kao (2000), Choi (2004), Hurlin and Mignon (2004), and Breitung
and Pesaran (2005) provide an overview of these developments.

In this context, Breitung (2000) proposed a z-ratio-type test statistic for test-
ing a panel unit root. Through numerical analysis, he claimed that his test has
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“nice” power properties within a certain local neighborhood of unity. The present
paper investigates analytically the asymptotic power properties of Breitung’s
test and clarifies some of the analytic results in Breitung (2000). Specifically,
we show that the limiting distribution of the Breitung test is the same under the
null and the O (n~ /2T ') local alternatives considered by Breitung, so that the
test has trivial power in such narrow neighborhoods. We provide expressions
for the local asymptotic power of this test for wider n~ /4T ~! local departures
from the null, discuss comparative results for other procedures such as point
optimal tests, and study the accuracy of the asymptotic approximations in finite
samples.

2. BREITUNG’'S TEST STATISTIC AND CLAIMED POWER

Suppose that panel data y,, is generated by the following simple components
model:

Vi = i T Bit + X,
where the unobserved error term x; follows
Xip = PiXp—1 T €.

Our main interest is in testing the presence of a unit root in all cross-sectional
units, namely,

Hy:p; =1 foralli. @

For this, we assume that g, ~ iid(0,0?) with E(e}) < oo, the initial obser-
vations x;, are independent and identically distributed (i.i.d.) across i with
E(x}) < oo and independent of &; for all + = 1 and i.!

Notice that this testing problem is invariant to the following linear transfor-
mation: y; = y;, + ui + Bit. To construct a test that is invariant to the trans-
formation, Breitung (2000) suggested the use of the following transformed data:

1
(Ay;)" = Sz[AYit T (A + ooe + A)’ir):|,

fort=1,...,T — 1, where s} = (T — t)/(T — ¢t + 1), and
. t—1
Yie—1 = Yi—1 7 Yio — T (Yir = Yio)»

for t = 2,...,T.* The panel unit root test for the null hypothesis (1) proposed
by Breitung (2000) is to reject the null for the small values of the following
statistic:
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6-2 n T—1 —1/2 1 n T—1
B, = ( 2 > (y?;l)z) > Ay yin
=2

nT? = nT i=1 =2
— —-1/2
- (BZnT) / BlnT’

where 62 is a consistent estimator of o2 This is a f-ratio statistic from a pooled
regression of the transformed data (Ay;)* on y)_,. Define x} = X'_, &,.
Under the null hypothesis, a direct calculation (given in the Appendix) shows
that for2 =r=T-1

E[(Ayz'r)*y;—l]

1 r—1
= stE|:<Axiz - E (Axjyy + oee + AxiT))(xit—l ~Xio ™ T (xir = xi0)>:|
1 * * * - 1 *
=s,E| &~ T—: (xfr — x; Xir—1 TX[T =0,

and

1 1 1
lim — 2 Var 2 (Ayi)* Vi | = 0%
nT N = T =2 6

Hence, by central limit theory (see, e.g., Phillips and Moon, 1999), it is possi-
ble to show that B, = N(0,;0*) as n,T — oo. On the other hand,

1 n 1 T—1
lim - > E<—2 > (y,-’il)2> ==
nT N =) T =

so that B,,r —, to* as n,T — oo. Therefore, under the null hypothesis, it fol-
lows that as n, T — oo,

B, = N(0,1).

Breitung’s test for Hy with size « rejects H, if B,; < —z,, where z, is the
(1 — «) quantile of the N(0,1) distribution.

To analyze the local power of the test based on B,,;, Breitung (2000) consid-
ered the following local parameterization:

Cc

i 2

pi=1~-

and he claimed (see Breitung, 2000, Thm. 5) that the test B, has asymptoti-
cally significant local power against the local alternative

H,:c<O.
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To verify the claim, because Ax;, = —(c/\/;T)xi,_, + g;, under the local alter-
native (2), we can express the transformed variables as follows:

1
(Ay;)" =5, |:8it T, (8jpy T - F SiT):|

c 1
t(xit+ s X))

- Wst [xn—u T,

C
=A, - B

it \/;T it

say;

and

t—1
Vi1 = |:(8il +otey) — T (gq+ -+ 8;‘7):|

c r—1
- (Xip + o+ +x;2) — T (xi0 + o+ +xi71)

\nT

=Cyy— D;,_;, say.

c
\nT
Note that A;, and C;; do not depend on c. Then, the preceding formulas lead to
the following decomposition of 5,,7:

—

c n T—1
B = Ay Gy — > 2 2 (AyDyy + B, Cyy)
nT= 2 1=

> S BuD 3

LEMMA 1. The following conditions hold under the local alternative p; =
1 — (¢/n"?T) as n,T — oo.

(i) (INa )X, 215 A, Cny = N(O o).
(ii) (1/nT*) 272 2725 (A Dyy + By Ciy) =, 0.
(iii) (1/nT*) 21, 275 B, D;i—y = 0,(1).
(lv) anT —)p é0'4.
It follows from Lemma 1 that B3,,; = N(0,;0*). Together with the limit of
B,,r, under the local alternative in (2), we therefore obtain B,; = N(0,1) and
have the following result.
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THEOREM 2. Under the local alternative p; = 1 — (¢/n"/?*T), assumed in
Breitung (2000), the Breitung test statistic B, has asymptotic power equal to
the size of the test.

The preceding result does not imply a mistake in Breitung (2000). Specifi-
cally, Breitung stated that the power of his test depends on a quantity that in
our notation is E[(1/T) 3=, yi(Ay,)*]. However, the preceding results dem-
onstrate that this expectation has zero limit. Instead of an analytical evalua-
tion of the limit, Breitung relied on a numerical approximation to the expectation
that suggested nonnegligible power against alternatives of the form (2). Our
results indicate that the numerical approximation is poor and that conse-
quently the implications regarding power in neighborhoods of the form (2) are
misleading.

3. ASYMPTOTIC LOCAL POWER OF BREITUNG’S TEST

The main problem with Theorem 2 is that the local neighborhood in (2) shrinks
too fast to unity and so the asymptotic power is trivial. To correct the result,
this section considers local neighborhoods that shrink to unity more slowly and
derives an asymptotic local power function for the Breitung test.

First, consider the local-to-unity region defined by

C;
4)

n4T’

Pi =

where the ¢; may be defined as the realizations of a sequence of i.i.d. random
variables whose support lies in an interval of the form [—M,., M, ] for some
0 <M, <ooand 0 =M, < oco. Let c; be independent of g; for all i,j,s.
Under these conditions, the numerator of Breitung’s test statistic can be decom-
posed as

1 n T—1 1 n T—1
By, = A,Cyy — ¢; X (A, D, ,+ B, C,_
InT \/;T “ = t —1 n3/4T2 Pt t:22( 1 —1 t t 1)
1 n 7—1
+ —=2>,¢7 >, B,D; 4,
nT3 1:21 i = it—1

where the components A;,, B;,, C;,—;, and D;_; are defined in the previous
section.

LEMMA 3. Under the local alternative (4), the following conditions hold as
n,T — oo.
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(i) (INnT) Sy 2755 Ay Gy = N(O,507%).
(ii) (1 T*) 21y ¢; 2,25 (Ay Dyyy + By Cimr) =, = E(c})0/18,
(iii) (1/nT*) 2, 22/ By Dy —, E(c})a?¥/36.
(lv) BZnT —)p é0'4.
Using Lemma 3, the limit distribution under the local alternative hypoth-
esis (4) is

E(c?
B,r :>N<— (< ), 1),

66

from which we deduce the following theorem.

THEOREM 4. Against the local alternative in (4), the asymptotic local power
of Breitung’s test is ®(E(c?)/6N6 — z,), where ®( ) is the standard normal
cumulative distribution function.

Remarks.

(1) Contrary to the Breitung (2000) claim, nontrivial local power is defined
in neighborhoods that shrink toward the null hypothesis at the rate
1/nYT. This is the same rate worked out by Moon, Perron, and Phil-
lips (2005) in defining the power envelope for panel unit root testing in
the context of incidental trends for models in this form.

(2) In contrast to Breitung (2000), the preceding result is obtained against
heterogeneous alternatives. The test therefore has significant power against
this type of hypothesis despite pooling.

(3) The power of Breitung’s test depends on the second moments of the local-
to-unity parameters. Thus, for a given mean autoregressive parameter,
the more heterogeneous the alternatives are, the easier they are to detect.

(4) Moon et al. (2005) derive the power envelope for the preceding testing
problem, suggest a common point optimal (CPO) test, and discuss the
local asymptotic power of other tests such as those proposed by Levin,
Lin, and Chu (2002), Ploberger and Phillips (2002), and Moon and Phil-
lips (2004). According to those results, the test based on B, is more
powerful than the Levin et al. and Moon and Phillips tests but less pow-
erful than the Ploberger and Phillips and CPO tests.

A small-scale simulation was conducted to assess the accuracy of these asymp-
totic results in finite samples. We use the following data generating process:

Zjp = bo; + byt + y,
Yie = PiYi—1 T Uy,
Vi1 =0, u;, ~ iid N(0,1).
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The heterogeneous trend coefficients are taken to be iid N(0,1). We assume
that the error term is independent in both time and cross-section dimensions
with a Gaussian distribution and identical variances. We consider four values
for n (10, 25, 100, and 250) and three values for T (50, 100, and 250). All tests
are carried out at the 5% significance level, and the number of replications is
set at 10,000.

The autoregressive parameters are generated according to (4). We consider
the following nine distributions for the local-to-unity parameters:

(0) ¢; =0 Vi (size),
(1) ¢ ~ iidU[0,2],
(2) ¢; ~iidU[0,4],
3) ¢; ~ iidU[0,8],
(4) ¢; ~ iidy>(1),

(5) ¢ ~ iidx*(2),

(6) ¢; ~ iidx*(4),

(7) ¢; =1 Vi,

(8) ¢; =2 Vi.

These distributions enable us to examine performance of the tests as the mass
of the distribution of the localizing parameters moves away from the null hypoth-
esis. We can also look at the effect of homogeneous versus heterogeneous alter-
natives (cases (1) and (4) versus (7) and cases (2) and (5) versus (8)) together
with the role of the higher order moments of the distribution. For instance, case
(7) has the same mean as cases (1) and (4) but smaller higher order moments
than the other two cases. The same situation arises for cases (2), (5), and (8)
and for cases (3) and (6). Note that the alternatives with y? distributions do not
fit our asymptotic framework because they have unbounded support.

Table 1 presents the results. The second column provides the size and power
predicted by our asymptotic theory using the moments of ¢;. The other col-
umns in the table report the size and size-adjusted power of the tests for the
various combinations of n and T. If asymptotic theory were a reliable guide to
finite-sample behavior, all columns in the table would be very close.

Overall, we see that the test performs much more closely to the asymptotic
theory as both n and T increase. The test underrejects for large n relative to 7.
Power is usually below what is predicted by asymptotic theory, especially for
the more distant alternatives, but the discrepancy diminishes with increases in
either n or T or both. Finally, experiments where the local-to-unity parameters
have a fatter tailed distribution tend to have higher power as predicted. Thus,
for a given mean autoregressive parameter, more heterogeneous alternatives are
easier to detect (despite the pooling approach used in the test). There also seems
no sign that the unboundedness of the y? distributions affects the validity of
the asymptotic theory.
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TABLE 1. Size and size-adjusted power of Breitung’s test

T= T =100 T =250

Theory n =10 25 100 250 n=10 25 100 250 n=10 25 100 250
¢; = 0 (size) 5.0 6.6 5.1 3.8 2.7 6.1 5.5 4.8 3.8 6.4 5.8 4.7 4.3
¢; ~ U[0,2] 6.0 5.0 5.6 6.0 5.4 5.3 5.4 5.2 5.6 5.6 52 6.2 6.7
¢; ~ U[0,4] 10.0 6.9 8.2 8.7 8.6 7.3 7.8 8.3 8.8 8.3 7.9 9.6 9.9
¢; ~ U[0,8] 42.3 13.3 17.6 22.0 24.4 15.6 18.5 22.9 27.0 16.2 19.3 24.3 30.0
¢ ~ x*(1) 7.5 5.5 6.4 6.2 6.8 6.3 5.8 5.9 6.7 6.4 6.2 7.7 7.0
¢~ x*(2) 13.6 7.1 8.4 9.1 10.0 7.7 8.7 8.8 10.0 8.4 8.6 10.4 11.0
¢~ x*(4) 49.5 13.8 17.3 21.8 24.8 15.4 17.1 21.1 26.1 16.0 18.2 24.8 29.4
¢ =1 5.7 4.4 5.5 6.1 5.3 5.8 5.1 5.2 5.6 5.8 5.4 5.5 6.1
;=2 8.5 5.8 7.4 7.7 7.8 7.0 7.4 7.2 8.1 7.0 7.5 9.1 8.6
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NOTES

1. These restrictions are made for simplicity in the following analysis and can be relaxed to
cover more general cases.

2. Note that (Ay;)* and y;, correspond to the terms in equations (16) and (17), respectively, of
Breitung (2000).
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APPENDIX: Proofs

Proof of Lemma 1.

Part (i). Part (i) follows because the distribution of (1/NnT)S" S A, C,ey is
identical to that of 8,7 under the null because neither A;, nor C;,—; depends on c.

Part (ii). Under the given assumptions, by a weak law of large numbers,

1 n T—1 1 T—1
72 Z 1 B Cyp) =, lim > E[A; D,y +B,Cyy].
=11r=2 —® =2
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Recall the definition x; = X!_, &,. For2 =t = T — 1, we have

E[A; D]

1
= EI:Sr{Sir - E (8jp4r + e + 81‘7)}

t—1
X {(xi0+ et X)) — T (x;0+ - +xiT—1)}:|

1 .
=E [St {8,-, e (i — x;ﬁ)}

r—1
X {(xi*1 + ot xi,) — _T (xf+ - +xi*T,)}:| +o(1)
* * 1 P ® M *
=E[s;g,(x)+ - +x;,)] = T—. Els,(xfr = x;)(xfy + -+ +xj5)]
r—1 . ;
- TE[Stsit('xil + ot x)]
r—1

1
+T—t T E[s(&;41 + - + &) (X + oo +x77)]

Also,

E[B;C;]

1
= E[Sz{xiz—l T, (3 + - +xiT—1)}

t—1
X {(Sil ot ) T(Sn + o +8iT)}:|

1 . ) . t—1 )
= EI:S[ {xijl - E (o + oo +xiTl)}{xitl - TxiT}] +o(1)

1
=E[s,x;_x;_]— T—; E[s,(xj+ -+ +xi7-)x;_,]
t—1 1 -1

- TE[Stx;—lxi*T] + T—1 T Els(xj+ - + x5 )x7]

_ [_Q _1+2M]+ .
o B R o(1).
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Combining these, we have the required result for part (ii) because

T—1

1
P > E[A,D,_,+ B, C,_ 1:|—>J<—r(l—r)+—r(1—r)—r +—r(1+r)> =0.

=2

Parts (iii) and (iv). These follow by a weak law of large numbers. |
Proof of Lemma 3. In this proof we use the notation x;; = 22:1 &, T x{o, where
X}y = x;0- Also, for notational convenience, we write &;o = x;o = x;j. Then, by defini-
tion, for r = 1,

C

!
m) € (A.1)

ip [f—
S-S5
Parts (i) and (iv). They follow in the same fashion as parts (i) and (iv) of Lemma 1.

Part (ii). Using (A.1), we can approximate the quantity of interest as

1 n T—1

AT Z Ci 2:2 (A;D;_, +B,C;_,)
i=1 1=

= 3/4T E 2 AztDl it— l+Bl it lt 1)
i= =2
1 n T*l
- nT2 (AUDZ it— 1+BZ it lt 1)+0 (1)
i=1 =2

=2 T—1
r—1
—_ o *
Dl it—=1 = xtq E xlq’
4=0 T g=0
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Note that E[(1/T2) 2,5, (A; Dy -y + B1.uCi—1)] = (M/T) and

I _
Var[ 2 2 (AiDy iy + By Cirl):l =M,
=2
for some constant M > 0. By Chebychev’s inequality, we then have

_ 1
3/4T2 2 Z(AHDI it— 1+B1 it Cire 1) <W> =0, (1)

Next, we apply a weak law of large numbers (see, e.g., Phillips and Moon, 1999) to
deduce that

n T—1 1 T—1
TZE E(AnDz i1 1T Ba i Cip l)—> E(Cz) llm EI:T E(AuDzu 1+ B2 Cir 1):|
=2
E(c})a?
18

as shown in Moon, Perron, and Phillips (2006).

Part (iii). By the weak law of large numbers, we have

n

n T—1
2 anD 2 ZBI zle it— 1+0,;(l)
1 71 E(c’.2)0'2
—, E(c) limE| — X EB, ;D ;) | = ——
)4 (Cl)Tl—>nolo I:T3 t:Ez ( 1,it ~1, it l):l 36

as shown in Moon et al. (2006).



