94.3.5. Some Exponential Martingales, proposed by Peter C.B. Phillips
and Douglas J. Hodgson. Let Z, be the random walk

Zn = Zn-—l + u,
where Z, = 0 and u,, = i.i.d. (0,1) with ¢(A) = Efexp(Au;)}.

(a) Show that M, = exp(NZ,,)/p{(N\)" is a martingale with respect to the filtration
CF,, = O(HH,H,,_], N ,u]).
(b) Show that if u; = i.i.d. N(0,1), then

M, = n7V2 exp{(1/2n) 22}
satisfies the martingale property
E(Mn|rrn—l):Mn—I forn=2,3,....

Is M, a martingale? If not, show how to construct a martingale from M,,.



