89.3.5. The Limit Distribution of the Generalized Inverse of a Singular
Covariance Matrix Estimate; proposed by Peter C.B. Phillips.
1. Suppose {X;} =i.i.d. N(0,E). Let Myy = n~'L7X; X/. Prove that
Va(Mxx — £) = N(0,2Pp (L @ L)),

where D is the duplication matrix and P, is the orthogonal projection matrix
onto the range of D.
2. Assuming L to be positive definite, find the limit distribution of

VA(Mxx = Z71).
3. If T is singular in part (1), show that M}X—; Lt and find the limit distri-
bution of

VA(Mzx —T7),
where the superscript “+” signifies the Moore Penrose inverse.

4. Let R be an n X r matrix of rank r whose columns span the null space of L.
Define the nonsingular generalized inverses

Myzx = (Mxyx + RR')™!, L™ = (L4 RR)HY ™.



456 PROBLEMS AND SOLUTIONS

(i) Show that
Mix M s — L+,

(ii) Find the limit distribution of
Vn(Mxx —L7)

and compare your result with that of part (3).



