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MULTIPLE REGRESSION WITH INTEGRATED TIME SERIES
Peter C. B. Phillips1

ABSTRACT. Recent work on the theory of regression with integrated
processes is reviewed. This work is particularly relevant in eco-
nomics where many financial series and macroeconomic time series
exhibit nonstationary characteristics and are often well modeled
individually as simple ARIMA processes. The theory makes extensive
use of weak convergence methods and allows for integrated processes
that are driven by quite general weakly dependent and possibly het-
erogeneously distributed innovations. The theory also includes

near integrated time series, which have roots near unity, and coin-
tegrated series, which move together over time but are individually
nonstationary. A general framework for asymptotic analysis is given
which involves limiting Gaussian functionals and extends the LAN and
LAMN families of conventional asymptotic theory. An application to
the Gaussian AR(1l) is reported.

-1. INTRODUCTION
The subject matter of this paper is regression theory for nonstationary
time series. This subject is of general interest and importance in statis-
tics, but it is particularly relevant in economics where time series are
widely believed to be intrinsically nonstationary. Under this heading come
various financial and commodity market price series, which behave as if they
‘have no fixed mean, and many macroeconomic aggregates like real output and
consumption expenditure, which display secular growth characteristiecs. Upon
investigation all of these series are found to be individually well explained
by integrated processes in the ARIMA class, usually with a single unit root.
Indeed, a large and growing literature in econometrics now uses integrated
Processes to model such series in preference to trend stationary processes

(processes which are stationary about deterministic trends).
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Regression theory for integrated processes turns out to be very different
from the traditional theory of regression for stationary time series. These
differences affect in a fundamental way the interpretation of regression coef-
ficients, significance tests and residual diagnostics. They need to be
understood if the regressions are to be meaningfully used in applied work.

The present paper attempts to review some work that I have been doing
recently on this topic in econometrics. The natural starting point in the
analysis is asymptotic theory but I shall also include some results on higher
order properties. The central idea in the development of the asymptoties is
simple and uses the theory of weak convergence on function spaces. We trans-
port the time series we observe and sample moments of them into B-valued
random elements (random variables that live in Banach spaces). This enables
us to work with rather general integrated processes and to capture in a simple
way one of the distinguishing features of non ergodic time series: that sample
moments of the time series converge weakly to random variables, which are
often simply written as the sample moments of a stochastic process; and that
objects like the hessian of the likelihood converge weakly to random matrices
rather than constants, reflecting the presence of random information in the
limit.

Some notational economies are used to simplify the presentation of the
results. Stochastic processes such as the Brownian motion B(r) on [0,1l] are
simply written as B whenever it is convenient to do so. Similarly, we write
integrals with respect to Lebesgue measure such as féB(s)ds more simply as
féB . Vector Brownian motion with covariance matrix  is written "BM(Q)"
We routinely use the following symbols: "=" to signify weak convergence,

"s"  to signify equality in distribution, ">" to signify positive definite
when applied to matrices, “L" to signify the back shift operator, "A"
(= 1-L) to signify the first difference operator, and "[A]" to signify the

Euclidean matrix norm (tr(A'A))1/2 .

2. INTEGRATION, NEAR-INTEGRATION AND COINTEGRATION

2.1. Integrated Time Series. We call an n-vector time series (yt) ankinte-
grated process of order k and write Ve = I(k) 4if the time series (A yt)
is weakly stationary (written Akyt = I(0) ). Most of our atrention will
focus on I(l) processes, which are generated by accumulating innovations from

an initialization that is taken to occur at t = 0 . Thus,
- +u_ - zt + =-S_ + (1)
e =V YU T ANy YV T e Y Y

Here, (St) is a partial sum process and (ut) is a weakly dependent innova-

tion sequence. When u, is iid (respectively, martingale difference
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sequence) Ve is a random walk (martingale). More generally, u, will be

assumed to satisfy certain moment and weak dependence conditions to ensure the

validity of a functional central limit theory for standardized partial sums.
Examples of I(l) processes satisfying (1) are:

(a) ARIMA models: (l—L)A(L)yt - B(L)et, e, iid(0,3) with u, following the
stationary and invertible ARMA model

A(L)ut - B(L)et

(b) ARIMAX models: (l-L)A(L)yt - B(L)xt + C(L)et » e 1id(0,2) with u
following the stationary ARMAX model

<

A(L)ut - B(L)xt + C(L)et, X, = 1(0)

(e) Linear processes: (1—L)yt - 2;——w3j€t-j , € iid(0,Z) with absolutely

t
summable coefficients

sl < -

In these examples A(L) , B(L) and C(L) are all matrices of finite degree
polynomials in the lag operator L .

In recent years empirical evidence in support of such representations
with a single unit root have been found by various authors. Box and Jenkins
[1] give examples from several subject areas. In economics there are now many
different studies that lend support to I(l) model specifications. These in-
clude theoretical studies of efficient markets (Shiller [34]) and models of
optimizing behavior by representative agents (Hall [11]) as well as a wide
range of empirical studies (Granger and Newbold [9]), Nelson and Plosser {17],
Campbell and Mankiw [2], Stock and Watson [35], Perron and Phillips [21] to

mention a few).

2.2. Near-Integrated Arrays. Many of the studies just mentioned give strong
evidence of the presence of root in the neighborhood of unity. However, it is
very difficult to discriminate between a root at unity and a root near unity
because the power of unit root tests is very low in the vicinity of the null
hypothesis of a unit root. One way of accommodating the possibility of roots
that are near unity is through a near integrated array. We write in place of

(1)
yt,T - ATyt—l,T + u, t=1, ..., T (2)

where the coefficient matrix A,r - exp(T—lc) ~ I+ (1/T)C gives alternatives
that are local to unit roots as the sample size T = = . ((yt T){); is a
time series array with roots near unity. In particular. each row of the array

for fixed T is an autoregressive series generated by the weakly dependent
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sequence u_ and with a coefficient matrix AT whose latent roots are close

to unity fo: T large. C 1is a matrix of noncentrality parameters. For
example, when C = diag(cl, Cps wces cn) then the i’th component of the
series is near explosive for ¢y > 0 , near stationary when c; < 0 and I(1)
when e; = 0.

Near integrated arrays generated by (2) have been studied extensively in
Phillips [25, 26) and in the scalar case by Chan and Wei [4) also.

2.3. Cointegrated Time Series. While individual time series may display non-
stationary characteristics, it is often the case that several related time
series tend to move together over time as if there were a common stochastic
trend involved in each of the series. Multiple time series with this charac-
teristic are said to be cointegrated if the individual series are I(1)
processes and yet some linear combination(s) of the series is (are) I(0).
Cointegrated systems of this type have recently attracted a good deal of
attention in econometrics. Some of the ideas go back to Frisch [6], but the
concept was formally introduced by Granger [7] and has been systematically
explored in subsequent work by various authors. My own attention has concen-
trated on the statistical issues of testing for cointegration (Phillips and
Ouliaris [32, 33]) and on the development of an asymptotic distribution
Eheory for estimators and tests in the presence of cointegration (Phillips and
Durlauf [30]), Phillips [26] and Park and Phillips [19, 20]).

To fix ideas, let (yt) be an n-vector multiple time series and suppose
Ve ™ I(1l) . If h 1is a constant n-vector for which h'yt = I(0) then we say
Ve is cointegrated with cointegrating veetor h . Note that h annihilates
the stochastic trend in Ve o indicating that the components of Ye have a

common stochastic trend of dimension less than n .

2.4. Economic Applications. Cointegration may be regarded as a statistical

embodiment of ideas from economic theory. The hypothesis of cointegration is

particularly important in terms of well established notions of long run equi-

librium in economics. We give several examples:

(a) steady state growth theory.
According to this theory many economic aggregates like output, consump-
tion and investment grow together over time along paths that are
determined principally by common factors such as technical progress and
population change. Thus, in the long run aggregate expenditure may be
expected to display only stationary fluctuations about some fraction of
aggregate income. Another example stems from the quantity theory of
money, according to which real income, money and prices may be expected
to be in long run balance with the velocity of circulation displaying

only stationary fluctuations.
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(b) present value models.
In these models one variable (Yt) represents the discounted present
value of expectations (Et) of future realizations of another variable
(Xt) using today’s information set. Symbolically,

o i
Yt - 0(1—6)21_06 Etxt+1

where Yt’ Xt = I(1) . This gives

= I(0)

o i
Y, - 60X, = 03]_ 6 EAX .

1

t+i) - Xt and Yt - oxt in

long run balance. Models of this type are used in theories of the term

Note that if Xt is a martingale then Et(x

structure of interest rates, stock prices and dividends and in the perm-
anent income theory of consumption. Campbell and Shiller [3] provide a
detailed discussion.
(c) purchasing power parity.

According to this theory in international financial economics the dollar
value of goods produced abroad and the dollar value of goods produced
domestically should be in long run balance. Thus, in the long run we
should expect only stationary fluctuations about the equation Pt - StPt
which relates the level of domestic prices (Pt) to foreign prices (P%*)

t
and the spot exchange rate (s,)

3. WEAK CONVERGENCE OF SAMPLE MOMENTS
3.1. Functional Limit Theory and Convergence to Stochastic Integrals. We
transport partial sums of the innovations in (1) into B-valued random elements

using

X (x) = 1™4/2 epio,1)®, 0sr=1

[Tr}]

where D[O,l]n is the product space of n copies of D[0,1] , the space of
right continuous functions with finite left limits endowed with the Skorohod

topology. Under very general conditions the functional central limit theorem

XT(r) = B(r) = BM(Q) 3)

holds [5, 12, 30] and the covariance matrix of the Brownian motion is
Q- lim,_ T LE(S.S%)
i o T

which reduces to
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Q= 2nfuu(0) - E(uoub) + Zk_l(E(uoui) + E(ukué))

=T+ A+ A

when (ut) is stationary with spectral density matrix fuu(k) . Note that Q

may be interpreted as the (scaled) long run variance of the process Ve -

Note also that the estimation of { is an important and interesting topic in

itself, which has a substantial bearing on empirical work in this. field.

([18] and [30] provide some discussion of the problem and available methods).
In addition to (3) we frequently need a theory of weak convergence to

stochastic integrals. Under quite general conditions we do indeed have the

following result:

T—lz[Tr]

1 S

! T ’
ee1¥p = JBAB' + TA . (4)

The limit process here is a matrix stochastic integral with bias given by

rA . (4) is proved in [27, 28] for the finite dimensional case r =1 . When
u, is a martingale difference sequence a proof of (4) is given in [37). The

proof in [28] relies on martingale approximation methods and applies for fair-

ly general stationary sequences.

3.2. Limit Processes for Sample Moments. We deal first with integrated time
series generated by (1). In this case sample moments have the following

asymptotic behavior:

~3/2.[Tr) T -2.[Tr] , > S

TRy o JgB . TRy o[B8 (3
~1.[Tr] , T , -

T 5 ytutsfoBdB +TA, A=Z+A. 6)

Note that the limit processes in these formulae are simple linear and quadra-
tic functionals of Brownian motion. In effect, the limits of the sample
moments of the time series are stochastic processes which are themselves just
the sample moments of a vector Brownian motion. Proofs of these results fol-
low simply from (3) and (4), in most cases by direct appeal to the continuous
mapping theorem. See {23] and [30] for details.

For near-integrated arrays generated by (2) we have in place of (3) the
limit:

-1/2

T y[Tr],T = Kc(r) - fgexp((r-s)C)dB(s) . (N

Here, KC is a vector diffusion process which satisfies the stochastic dif-

ferential equation system

dKC(r) - CKC(r)dr + dB(r) , KC(O) =0 .
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Again, sample moments of the array converge to corresponding sample moments of

K, . We find
~3/2_[Tr) T [Tr] ,
T2 e o JoKe 21 Ye, Ve, T > oKKe
[Tr) )
T 21 Ve ru% = fox dB' + rA

(see [25, 26) for proofs and applications).

3.3. Filcered Processes and Projections. In many cases time series such as
(1) and (2) are filtered prior to their use in regression. In other cases the
time series are effectively filtered by the inclusion of additional variables
such as time trends in a regression. The effects of such filtering can often
be simply determined by looking at the filtered series as regression residu-
als. For example, in the case of a series such as (1) that is detrended by a
polynomial trend we construct the regression residual process Y. from the
least squares regression:

A

- p o P
yt ﬁo + ﬁlt + ...+ ﬁpt + It .

Then sample moments of Ye have the following limits

-3/24T 1 2T, (1, o,
Ty 2 B T Ry R B
lzlye - S + s

where
B=-QB

= projection of B in L2[0,1]n on the orthogonal complement of
the space spanned by (0(r), 1(r), ..., p(xr); j(xr) = )

Thus, B(r) is simply detrended Brownian motion or the residuals from the

continuous time regression

- A A A P
B(r) ag +ayr+ ... + apr + B(r)
where the &i minimize the least squares criterion in L2 norm
1 P 2
f0|3(r) —ayg-ar- ... -ar|d.

Explicit formulae are easy to obtain. We give the following examples:

p=0 B =B(x) - fés - demeaned BM
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p=-1 B = B(r) - &0 - &lr = detrended BM

-1
1 s s
with 0. 1 g 2 g
&1 fos fos fosB

R>

Similar results apply in the case of near-integrated time series. Using
the same notation, we get:

—3/2.T -2.T 1, o
T 83 = fégc b TR o T 2 oKk

7 1sT '=11_<d5'+A.
0°¢

lzt,'ru

3.4. Applications to Vector Autoregressions (VAR’s). The above results have
many applications. In particular, a regression theory for time series gener-
ated by (1) or (2) is straightforward. Thus if Ye is a near-integrated
time series (corresponding to the t'th row of the array in (2), but we drop
the second subscript for convenience) then a least squares regression yields:
yo =y, +6, . ==13la0

N T T ' -1 :
where A = (zlytyt-l)(zlyt—lyt-l) . We find

A -1
T(A - Ap) = ([gdBKY + A')[f(l)xcxé] (8)

a matrix quotient of quadratic functionals in the diffusion KC . Of course,
A

~
A - AT 3 0 and since AT -+ 1 we obtain A~ 1 as T -+ = .
~
Since A 1is consistent the residuals ﬁt are consistent estimates of
the errors u, in (2) and the asymptotic distribution theory for the variance
A

estimator T is given by:

1/2

T vec(%—Z) = N(O,V)

with
V= BT (¥, - (vec T)(vec £)'}1P,
where
E(uoub ® uoué) , k=0
E((uoui ® uoué) + (ukué ® ukué)) , k=1, 2,
2

and PD - D(D'D)-ID' is the projection onto the natural support in R"  of

the covariance matrix T i.e. the range space of D, the matrix which

Wk -

duplicates the nonredundant elements ¢ of X through the mapping
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vec T = Do .
When the innovations (ut) are iid N(0,2) the covariance matrix re-
duces to the simpler
V= 2PD(2 ® E)PD - 2PD(2 ® 2I)
The reader is referred to [26, 30] for more details of these results.
3.5. Power Functions for Unit Root Tests. Another application of the theory
is to obtain power functions for unit root tests. Here we use the near-
integrated array (2) and the matrix C provides the noncentralities in the
asymptotic distribution theory under local alternatives. We demonstrate by
taking the scalar case, Set n=1, A=a, Q= w2 , T = 02 , A=),
C=c and
R (D) = fge(r—S)CdB(s) - wfge(r—s)cdw(s)
- ch(r) , say
where B = wW and W = BM(1l) , standard Brownian motion.
Suppose we wish to test for the presence of a unit root in the array (2).
We test HO : a=1 against the sequence of local alternatives
Hl Pagp - ec/T -1+ c¢/T . From (8) the asymptotic theory for the simple
regression coefficient & is given by:
. 1,217t 2
T(A-1) = ¢ + fOJc (fOchw + A/0%) . (9)
To test HO we may use the statistic
"].A
2 ~2oT 2
Za - T(a~1) - [T zlyt-l] A
suggested in [23], where A 1is a consistent estimator of X . From (9) we
now have
z.»c+ |[H? -lflJ &V under H (10)
a 0%¢ 0c 1
- |ri? —lf L under H
0 0 (VI

Power functions given by (10) may now be calculated using numerical inversion
of the joint characteristic function of (I%chw, féJ:) , which is given in
[25]). These ideas are easily extended to models with fitted drift and trend
[34] and to multivariate models and tests [19, 20, 26].

3.6. Limits of the Near-Integrated Theory. Again we take the scalar case of

the near integrated array generated by (2) with noncentrality parameter c .

87
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When ¢ = 0 we have the conventional unit root theory. When c¢ = 0 but is
fixed we have asymptotics which are local to the unit root theory. We may
also consider the limits of the near integrated theory as c¢ = 1w , 'the

natural limits of its domain of definition. Heuristically, we can associate

c + +o with explosive alternatives since when ap = ec/T > 1 is fixed we
have ¢ = T £n ay +® ona diagonal sequence for the pair (¢,T) . Similar-
ly, when a, = ec/T <1 we have ¢ =T In ay > -= ona diagonal sequence for
(e,T)

It is particularly interesting to study the asymptotic behavior as

A

¢ =+ #o " of the regression coefficient & and the associated t-ratio

2 172
t, = (&a)/S, hore s, - ((T'lz}'ﬁi)(z{yi_l)'l) is the traditional

regression standard error of & . Taking the t-ratio first, we have:
1 2
JoI W + A
1.2,1/2
Jg3

(2]
t ==
g

as T = e«
a

N(0,1) if X =0
= as ¢ + 1o (11)
diverges if A » 0

and for the regression coefficient itself (with A =0 , w2 =1):
g(c)/?1(4-a) = g(c)l/zf%chW/féJi

N(0,1) as ¢ = ~
» . (12)
Cauchy as ¢ -+ +=»

Here
ge) = EJRID) = —(1/200(1 + (172001 - 2

is the limiting information under local alternatives. In conventional asymp-

totics for fixed a, = a in (2) we have instead:

E?I_l__i; la] <1
- &
8 = EOTCE Y, ) -
1
S5 lel >0
T°(a" - 1)

Using &r to restandardize T(&~a) in place of g(c) we can interpret (12)

in terms of results for the stationary and explosive cases, giving:

172
1/2(3-ay/(1 - a3) = N(0,1) stationary AR(1)



REGRESSION WITH INTEGRATED TIME SERIES 89

T(é—a)/(a2 - 1) = Cauchy explosive Gaussian AR(1) .

These results were obtained originally by White [39]. The idea of exploring
the limits of the near-integrated theory was developed in Phillips [25] and,
for the t-ratio case, independently also by Chan and Wei [4].

4. SPURIOUS AND COINTEGRATING REGRESSION ASYMPTOTICS
4.1. Spurjous Regressions. Studies in spurious regressions go back to early
work by Yule {40, 41] in the 1920’s. The topic has attracted attention in
econometrics because many economic time series have strong trend components
and the potential for spurious regressions is thought to be high. A general
asymptotic theory for regressions of this type has recently been given by the
author in [22].

To fix ideas, let

1
Ve = = I(l), n=ml (13)

Yoe | ®

be an n-vector I(l) process whose partial sums in (1) satisfy the invariance

principle (3). We partition the limit Brownian motion conformably as:

Bl(r)
B(r) = = BM(0) (14)
B, (1)
with
w, w!
Q- 11 21 >0 .
VY

Next consider the least squares regression
Vie = B'ae * Ve as)

which is spurious because the variables Y1e and Yo have stochastic trends
but may not otherwise be related if Wyy = 0 . Even if wyy » 0 , however,
the relationship between the series is not in general strong enough to permit
consistent estimation of a regression coefficient by B . Only when QO is
singular will this occur.

In general, we have (from [22])

A el 1
8= [foBzBé] (fbﬁzﬁl) (16)

a matrix quotient of quadratic functionals of B . Note that we can write
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, -1
By = 0910958y + 44V
where
2 -1
21 = 91102 T 911 T 99189599

and W = BM(l) is independent of Bz . As shown recently in [29] the distri-
bution of (15) in the limit is a simple mixture of normals. Specifically,

-1
1, ., 1 -1
[fOBzBZ] (JoBBy) = vioN(“zz”zl' 911,27 (By)) AR (V) an
with
v(B,) = |fi8 8 -1(f1f13 (ers)B) [f8 B']-l (18)
2 03282) UoloBa 27 {J 08252
(17) can be further reduced to the scalar mixture:

-1 ~1
J N S0y, wiq, 8, ,v)dP(V)
w0 22721’ T11.2722
Interestingly, as shown in [29], this distribution does not lie in the conven-
tional LAMN family.
The asymptotic behavior of tests and regression diagnostics from (14) is
also easy to obtain. Write the sample second moment matrix of the Brownian

motion B in partitioned form as

, 1.2 1
B 81| _ [JoP1  SohiB,

¢ G fln B fln B!
Ba1 %22 0°2°1  Jo2"2

Then, since Gt is a (random) linear combination of I(l) variates the stan-

dard error of regression diverges. We have

2 - T.lziﬁi t (diverges)
and
-1 2 , -1
T7s" =811 - 83189289 = 81142
the conditional sample variance of the sample path of Bi given Bz . Simi-

larly, we find that the standard error of estimated regression coefficient ﬁi
converges to zero, giving a spurious impression of precision in the estimate
ﬂi . That is

2 2| (T Y
Se =8 [[21)'21:)'21:] ]ii 390
By



REGRESSION WITH INTEGRATED TIME SERIES 91

Finally, using (15) and (17) we deduce that

A

= B./s% di
tpi ﬁl/sﬁi verges

as T - = , corroborating the experimental evidence in [8] that we observe
high rejection rates in significance tests in spurious regressions like (14).
The reader is referred to {22, 26] for a detailed discussion of this phenome-

non and further analytic results along these lines.

4.2. Cointegrating Regressions. These regressions may be regarded as the
natural limit of a spurious regression like (15) in which the residuals form a
near integrated triangular array whose limit along a certain diagonal sequence
is I(0). Let Ye be an n-vector time series partitioned as in (13) and

generated by the system

Yie = B'Ype * Upe 0 Yoe T Yoe1 * Ype 19
where
u 1
a, - e | 10y . (20)
“2t m

We assume that the partial sums of the innovations u, satisfy the invariance
principle (3) and we partition the limit Brownian motion B(r) = BM(2) con-
formably with (20), as in (14) above.

Note that Y1t and Yo are cointegrated in (19) since the linear com-
bination Yie = B'yzt = I(0) . Moreover, the signal from the regressor
th = I(1) in (19) is stronger by an order of magnitude in the sample size
than the contemporaneous (and serial) correlations between Yor and Y, -
It follows Ehat linear least squares regression in (19) yields a consistent
estimator B , in contrast to the spurious regression (15). 1In fact, the

regression asymptotics (from [29, 30]) are
g = [17205%,) 1Mz
272 271

= i8B! -1(f13 B, + 6,,)
08282) UoBy®By * 8y

-1 -1

= fN(w022w21 + 8 e Lydr(v,0) (21)

8910 “1142

where
-1
1
v~ {foBzBé] (JoB 483

Y
e = foBsz
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(21) shows that the limit distribution is a mean and covariance matrix mixture

of normals.

4.3, Testing for Cointegration. To distinguish spurious regressions empiric-
ally from cointegrating regressions it seems natural to test the residuals Ot
in (15) for nonstationarity. In effect, we may test the null hypothesis of a
spurious regression (or absence of cointegration) by testing whether Gt has
a unit root against the alternative hypothesis that Gt = I(0) . To do this,
we can use any unit root test. A simple test recommended recently in [33] is
based on the Za statistic considered earlier in Section 3.5. Here we define
~2 T2

-1A
Za - T(&-1) - [T zlvt—l] A

where & is the regression coefficient in
+ ko
and

A = (1/2) (205, (0) = T ]3:1 )

where fk(O) is any consistent spectral estimate for fk( ) at the origin
w=0 .

The asymptotic theory for this statistic is derived in [33]. We have

1
z, = foRdR (22)

where

1/2

R = am/[fd?)
-1

Qx) =W (x) - (f(l)wlwp[f})wzwi} Ty

1
1
V= - BM(In)

WZ m

In the above, Q(r) is the projection in L2[0,1] of Wl on the orthogonal
complement of the subspace spanned by the elements of Wz . Further, R lies
on the unit sphere in L2[0,1] and is therefore a random element in a Hilbert
manifold. Also, we note that Q , and hence R , depends only on the dimen-
sion of the system. It is otherwise free of nuisance parameters. Tabulations
of the initial values of the limit distribution (22) are given in {33].
Finally, we observe that when the dimension of the system n =1 we have

m=0, Q= Wl and the limit distribution reduces to
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SoReR = Jgu v /fou]

that is, the conventional limit distribution of the autoregressive coefficient
in a random walk [23, 39]. Thus (22) includes this traditional unit root

theory as a special case.

5. REGRESSION WITH COINTEGRATED REGRESSORS
5.1. Examples. Two commonly occurring examples in which the regressors are
themselves cointegrated are:

(a) VAR’s with unit roots and several lags, such as:
Yo = B¥ey ¥ B¥ep t U B+ By-1d
= (B ¥ BY Byl g T V) F oy -

Here Yeel and (yt_2 - yt—l) are trivially cointegrated since
Vel = Ye—p = HO
(b) VAR's with common stochastic trends: Suppose Ye = ey T U ™ I(1) but
that for some n X ny matrix Jl with orthonormal columns
Jiyt -, I(0) . Define the orthogonal matrix J = [Jl, J2] and

write

- ’ ’
Ye JJ Ve t+ JJ u,

=J. x + J.w

272t 171t -~
Here
¥ge = I¥ey * Ipu = I,
represents the common stochastic trend in Ye - In effect, Ve is an I(1)

process with fewer than n stochastic trends.

5.2. General Formulation and Asymptotic Results. Suppose the n-vector time

series Ye and the m-vector time series x_ are cointegrated and satisfy the

t
equation
Yo = Axe g (23
where U, ™ I(0) . Next let H = [Hl, Hzl be an orthogonal m X m matrix
which rotates the coordinates of the regressor space so that
Xy, = Hixt = J(0) and Xy, = Héxt = I(l) . Ve write

- '
yt AHH xt + “lt

- AX,, + A2x2t + u (24)

171t 1t

and set
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X, - Ax,

1t~ Y2t 2t ~ Y

up = (Ul Uoer U3e)

We assume that partial sums of the innovation sequence u_ satisfy the invar-

t
iance principle (3) with 2> 0 and we partition the limit Brownian motion

and associated matrices G, X, A and A conformably with u, . Thus,
B, (x)
B(r) = | B,(r) | = BM(Q) ,

33(r)
(“13) - (Eij) + (Aij) + (Aéi) .
(Aij) - (zij) + (Aij) .

Partitioned least squares regression on (24) yields in conventional re-

gression notation the following estimates of the submatrices Al and Az :
A = Y'QX (KXY, A = Y'QX,(X5QX,) L
1 K1 Q%) T A 1%2%Q X,

As shown in [20] these estimates have quite different asymptotic behavior

which we may characterize as:

JHay = R = 61,55 - B1,%55 5% (25
= ¢ = N(O,M)
and
. 1 1 -1
T(A, - A)) = (fydB,B] + Aéo)[foB3Bé] (26)
with
B, = B, — %, .58 Al = AL = T ToRal .
0T T1 T *12%22°%2 ¢ %30 T 31 T “12%22°32
In (25)
A, =a +3 35t

1 1 12722

A

and the estimator A, is consistent to Al iff 212 = 0, that is iff

1
E(u, u, ) = 0 when u, is covariance stationary. The limiting distribution

1t¥2¢
of /T(gl - Kl) is matrix normal aed both the numerator sample moments and
the denominator sample moments in Al contribute to the limit distribution
(through §12 and §22 , respectively) when 212 » 0 . Thus, the estimated
coefficients of the stationary components X1e in (24) are asymptotically

normal .
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On the other hand, the estimated coefficients of the I(l) components Xy

are always consistent and have a limit distribution of the general form (21).

However, as seen in (26), the Brownian motion Bo involves contributions from
. R A

the iiror Ye (giving Bl ) and the component uixl(xlxl) xlxz (giving

21222232 ). In other words, the presence of thf I(0) regressor X1e in (24)

does influence the asymptotic distribution of Ay .
These results for Al and A2 can be used to obtain the asymptotic
behavior of A = Y’X(X'X)_1 , the matrix of least squares regression

coefficients in (23). We have

JT(a-a) ~ ./"f(Al - A))H{ = ¢H{ = N(O, (I @ H))M(I ® K]))

where

-1

A= [A], A JH" = [A}, A JH' + I ,5 0 H!

-1,
=-A+ lezzzﬂl .

A

Thus, A is consistent to A and is asymptotically normal but has a singular
covariance matrix, corresponding to the fact that /T(;-K)Hz 3 0.

We also observe singularities in the limits of the sample moment matrix
of the regressors and its inverse. Interestingly both exist and are singular.

We have:

-2 ' 1 ¢ '
T °X'X = az(fon333)az

since not all components of x_ are I(l); and

t

rgy—l I 1
T(X'X) B leZ%Hl

since not all components of x, are 1(0).

5.3. Regressors with Deterministic and Stochastic Trends. One might expect
similar results for regressors that involve deterministic as well as stochas-
tic trends. However, some important differences do arise. These are well

illustrated by using the general formulation (23) as before but allowing the

regressors to include a non-zero drift. Thus, we write

0
xt-1r+xt_1+u2t-1rt+xt, say
0
where X, = I(l) and Axt = Uy, - Then
3.T .
T letxt - sxn'

which is singular for m > 1 . It is the singularity of this sample moment
matrix in the limit that makes the application of traditional theory difficailt
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and that causes a degeneracy in the limit distribution. We handle this de-
generacy by simply rotating coordinates in the regressor space to isolate
components of L with signalslog different orders of magnitude in T .
Start by defining hl - x/{(n'n) / and construct the orthogonal matrix

H = [hl, Hzl . Next, rotate the regressor space using H to give:
yt - AHH'xc + ult
- ax . + Azxzt + U, (27)
where
' iy 1/2 0
xlt - hlxt - (n'n) t + hlxt
' 10
Xy ™ Hzxt - Hzxt .

Define the new (effective) error vector

u. u.

1c
H)

1t
Ye Yo

and assume that partial sums of u, satisfy the invariance principle (3) with

limit Brownian motion

B, (1)
B(r) = = BM(Q)
By(0)
where
g-| M B B 0,
0, Dy Hyf1  HaflyoHy

Least squares regression on (27) yields 31 and A2 . These fitted
coefficients have the following asymptotics behavior, both involving ratios of

functionals of Brownian motion:
1328, - a) = (JraB ¢ + 8) [fRe? ! (28)
e | 0% of

A °1
1
T(a, - &) = (gdByn’ + Aél)[fo”"'] 29

where

-1
£(xr) = (w’w)l/z{r - (fésgé)[fégzgz] 52}
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1 1)t
n(x) = B, (xr) = (JoB,s)1f~s“} =
2 2 0

§ = -4 [fl 17 (ks 00
891 {JoB2B2 0828

- L}
87y = Hybyy -
Both ﬁl and A, are consistent. The asymptotic distribution of ﬁl in-
volves the process { which is the projection in L2[0,1] of the scaled

time trend (w'w)l/zr

on the orthogonal complement of the space spanned by
the elements of 32 . In effect, ¢ 1is the L2 function space equivalent of
the Euclidean space projection. szl that occurs in the partitioned regres-
sion formula for 31 , viz. &l - (Y'szl)(xinxl)_1 . Similarly, the
process n is the projection of 52 on the orthogonal complement in
I..z[o,llm-1 of the space spanned by the simple time trend «r .

Results (28) and (29) combine to give us

T(A-A) = T[4, - a), A, = A)JH' ~ T(a, ~ A,)H}

2

1 107t

[ ' !
= (fodBlﬂ + AZl) [foﬂﬂ ] Hz
a distribution whose support is a subspace of dimension nm-n . When m =1
this distribution is degenerate and we are left with the vector of coeffi-
cients of Xie giving in this case (m =1, 321 -0, 6§=0,

§(xr) = =r) :
-1
2.1
N[O, wll[" forz] ]

™2 = (fge8,0 5t
N 2
= N(O, 3w11/w )

The reader is referred to {19, 20] for further analysis of regressions with
deterministic and stochastic trends.

5.4. Special Results with Exogenous Regressors. Stronger results can be ob-
tained for regressions with strictly exogenous regressors. To illustrate, we

take the multiple regression model

Ve = 'R ¥ Mpe i X T X g * Uy 30

where the time series {u,_} and (uZt) and independent. If

1t
ué - (ult’ uét) has partial sums which obey (3) with limit Brownian motion

Bl(r) 1
B(r) = = BM(Q)
Bz(r) m
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then

and B and B are independent.

1 2
If B is the least squares regression coefficient in (30) then
T(p-8) = |18.B: -1(f13 dB.)
k 0B2B2) UoP2®%
= [ N(O, w
V>0
1

11V(Bz))dP(V)

with V = (fé B!Y This limit distribution is a simple covariance matrix

B,83)
mixture of normals.
In addition to (31) it is easily shown that random normalization of g8

gives
~ °1/2
iy 1/2 ) W 1
(X'X)7 (8- = [f03232] JoB,4B;
= N(O, wllI) .

As shown in [31], this theory allows us to examine and modify traditional
regression significance tests. For example, the usual Wald statistic for

testing the linear hypochesis

Ho t R =1 R(gxm) of rank gq
is
- -1, A 2 2 ~1.T.2
W= (R8 - r)[R(X'X) 1R'] (R8 - x)/s , 8% = TEOT,
, 2
= Yr/3
where
IR V2 I
Ty = [R(X XTR ] (RS - 1) = N(O, ;1))
under Ho . Hence

2
W= (wy1/0110%g

leading to tests with the wrong asymptotic size when Wiy 9y, (i.e. when

u displays serial correlation). To accommodate the general case we simply

1t
need to replace s2 in W by 611 , any consistent estimacor of @y

giving
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A

A A "1
V- (R - 1) [R(x'xfln'] (R8 - 1)/byy

=x2
q

under Ho .
Questions of asymptotic efficiency can also be examined in the context of
models like (30). Writing (30) in the linear model format (with vectors and

matrices embodying T observations) we have:

y=X8+ Uy vat(ul) =V (TxT), say.

Write B = (X'X)-1X'y for ordinary least squares (OLS) and
B - (X’V-IX)—I(X'V-ly) for generalized least squares (GLS). The conditional

covariance matrices of these estimators are just:
p -1 -1
var(B|X) = (X'X) X'VX(X'X)
- -1 -1
var(B[X) - [x'v x]
and appropriately scaled these have limits

-1
R 2 ' -1 ' ' -1 1 ’
OLS: T (X'X) X'VX(X'X) = “11[f03232]

-1 -1
. 2 ' -1 1 v
GLS: T [x v x] - wn[f 03232]

which are the same. The unconditional asymptotic covariance matrix is

1 -1
’
w),E [f 03232] .

This shows that OLS and GLS are asymptotically equivalent when the re-
gressors in (30) are I(l) and strictly exogenous and the errors in (30) are
11 ~ 21fu1(0) .
This result has recently been shown by Phillips and Park [31] for thé case of

stationary with continuous spectrum at the origin giving w

autoregressive errors u It extends the theory of Grenander and Rosen-

1t °
blatt [10] on the efficiency of least squares in time series regressions with

deterministic regressors.

6. ASYMPTOTIC EXPANSIONS

The above theory deals with first order asymptotics. Higher order asymp-
totics may also be developed. Since this involves an extension of functional
limit theory such as (3) to accommodate correction terms the mathematical
theory is difficult and different from the conventional theory of Edgeworth
expansions in Euclidean space asymptotics. In order to find the first
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correction term, however, the theory is not difficult in many cases and has
been discussed and applied recently in [24].

To fix ideas we take a scalar model with a unit root
Yp = 8. 1 *+u. i a=1l, y,=0 (32)

and (ut) stationary with zero mean, variance 02 , zero third cumulants and

spectra:

f(l)(k) = spectral density of (ut)
£2) (1) = spectral density of uz - E(ui)

- 2ff £ Pyt M (@rda 1£ (u) is Caussian.

In this case it is shown in [24] that the expansion of the distribution of
T(4-1) , where & 1is the least squares regression coefficient in (32). can

be written in the form:

1
JoBAB + A
T(3-1) = —9-;—5-—— - §§§ -;55 +0 (T (33)
JoB Jo3° P

where
¢ = N0, 27£$2(0)) and independent of B

B = BM(wS) , o= 2x£1)(0)

2= 2t P0y) -2, o2 - E(uﬁ) i

To give an example, we consider the first order moving average

- +
u, € 0::_1

where {¢, )} 1is iid N(0,1) . Then

t
x =6, 260y = (140)2

2

e 0y = 201 + 482 + 4%y .

We write B = wW , W = BM(1l) and we have:

1 2 1/2
AR N (OO N

fth - 7T 148y 2 f(l,Vz

where Z = N(0,1) and is independent of W .

The correction terms in (33) and (34) may be used to examine the adequacy

T(8-1) = +OéT_}(%)
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of the first order asymptotics for different regions of the parameter space.
Note in (34) that as # -+ -1 the correction terms grow large very quickly.
At f# = =1 the asymptotics fail since there is a common factor in (32) and

the data generating mechanism reduces to
Ve = & = I(0)

The reader is referred to [24] for a more detailed analysis and extensions to

vector autoregressions.

7. LIMITING GAUSSIAN FUNCTIONAL FAMILIES OF DISTRIBUTIONS

All of the limit distributions considered in earlier sections of this
paper may be written in a simple form involving a matrix ratio of quadratic
functionals of certain stochastic processes. This formulation suggests that
the criterion function that underlies the estimator may itself admit a related
asymptotic approximation that involves the same stochastic processes. This
approach and some of its connections with the LAN and LAMN families of LeCam
[16]) and Jeganathan [13, 14) have been studied recently in Phillips [29].

Let AT(h) denote a sample objective criterion suitably centered and
scaled so that its argument h measures scaled deviations from some fixed
parameter value,ﬁsay 90 . Optimization of AT then 1eadsAco an optimization
estimator, say # , and the associated deviation h = 6;1(0 - 90) for some

sequence of scale factors § In a case of consistent estimation 6T -0

T
but for estimators that converge with probability zero we can set ST =1 for
all T .

In [29]) we defined a limiting Gaussian functional (LGF) family as fol-

lows. We say that AT(h) satisfies the LGF condition if:

AT(h) - (h’wT - (1/2)h’STh) ; 0 (35)
for some n-vector WT and n X n matrix ST ; and
M., So) = (fiMan + A, [har) (36)
T T 0 ' Y0

where the elements of M are square integrable and lie in D[O,l]n . N(x)
is a Gaussian random function with sample paths in ¢€[0,1] , the space of
continuous functions on {0,1}]. A 1is a constant vector.

A simple example is the Gaussian AR(1l):
Ve = fg¥e1 * Y ¢

with u, iid N(0,1) and Yo = 0 . Vriting ¢ = 00 + 6Th we have
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Ap(h) = £n{pdf(y;8)/pdf(y; 8,4))
-~/ (y, - oy P+ WDy, - 0y, )

T 2, 2.T.2
= hOZ )y v - (/DR Ty ) -

Here
T71/2 ol <1
2 T
Sp = (6= 1)/ . [6y] >1
7t gy =1
and
Ap(h) = A(h)
with
2005 2
(1) A(h) = BY(8)Z - (I/DWY)° , [8y] <1

2,-1/2

with Z = N(0,1) , Y(Oo) - (1 - 00 ,

(11) A(h) = bYZ - (/DRY? | o] > 1
with Z = N(0,1) and independent of Y = N(0,1)
(1ii) ACh) = hféWdW - (1/2)h2féW2 , 0y =1
with W(r) = BM(1) .

To include these three cases in (36) we write:

(1) logl <1 : Mx) = Un)Y(4y) with 1(x) =1, 0srs1

N(r) = W(r) = BM(1)
(i1) loo| >1: M(x) = ()Y ; N(2)
N(r) = W(r) = BM(1)
(1i1) 6, =1:  M(r) = N(r) = W(zr) = BM(1)
and

A(h) = hféMdN - (1/2)h2ng2 .

Note that when 00 = 1 and when 6 = 1 + h/T the quadratic term in (35)
satisfies

-2.T. 2 1.2
Sp(8) = T °Z)y,_y = o3y, = S(8;, h)

where

3, - ge(r-s)de(s)

is the diffusion process introduced in Section 3.2 above. Indeed, when

# =1+ h/T the process Ve (strictly, since 8 depends on T )

e, T
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forms a triangular array of near integrated time series. Since

2
$(8,, B) = S(8,) = fa¥

00,
for all h = 0, we see that the quadratic approximation to AT(h) varies
over arrays with different h ., This leads in the limit to what we call in
[29] variable random information in the limit. In effect, the curvature of
A(h) in this case depends on féJﬁ and this random information varies for
different h .

By contrast in case (i) the Fisher information is constant and in case
(ii) it is random but independent of h . 1In both these cases, the LAMN
theory applies. However, the LAMN theory does not apply in case (iii) and the
limit distribution is not mixed normal. This case has recencly been discussed
by Jeganathan {15] and Phillips [29].
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