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THE STRUCTURAL ESTIMATION OF A STOCHASTIC
DIFFERENTIAL EQUATION SYSTEM

By P. C. B. PaiLLIps!

It is now popular to construct economic models in differential equation form. Perhaps
the most serious econometric problem faced when dealing with a differential equation
system is the practical difficulty of finding consistent estimates of the important structural
parameters. In this paper a simple three-equation Phillips model is considered and con-
sistent estimates of the structural parameters are provided by the minimum-distance
procedure. The small-sample distributions of these estimates are investigated by the
Monte Carlo method ; and the results are then compared with those of the three-stage least-
squares estimates found by making a discrete approximation to the system of differential
equations.

1. INTRODUCTION

1.1. Introductory Remarks

MANY MACROECONOMIC MODELS are now constructed in a form in which time is
considered a continuous variable.? This form is intuitively appealing because the
actual movements of economic variables, as distinct from the observations on
them, are dependent on the continuous passage of time. If the variables of a model
are assumed to be continuous and differentiable functions of time, it seems natural
to represent the direction and strength of movements in the variables by derivatives.
The dynamics of a system involving several variables of this type can then be
described by a number of interdependent differential equations. Differential
equation models are currently used to explain various economic phenomena ; for
example, trade cycles in macroeconomic theory. They also have the advantage
of prescribing a continuous time path for each variable in the model. This latter
property is useful for purposes of prediction when we may be interested in estimat-
ing the value of a variable at any point in time.

The more precise specification of such a model for statistical purposes is known
as a system of stochastic differential equations; and a typical statistical problem is
that of estimating certain structural parameters by means of a series of observations
on the variables of the model. It is important that econometric techniques be
available to handle these models in the form suggested by economic theory. For,
we can hope to obtain consistent estimators of the structural parameters that
interest us only if the model as estimated is specified correctly. Some work has
already been done on the estimation of parameters in stochastic differential
equation systems.® The approach usually adopted is to make a discrete approxima-
tion to the differential equation system and apply well-tried procedures such as

! This paper was written from the research carried out for my M.A. thesis at Auckland University.
I wish to acknowledge my great debt to Professor A. R. Bergstrom who suggested the topic and helped
me as supervisor. I must also thank both referees for their penetrating comments and useful suggestions.

2 Arguments for the use of such models have been advanced by several writers. See, for example,

Koopmans [5] and Bergstrom [4].
3 See Phillips [8] and Bergstrom [3].
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three-stage least squares (3SLS)* on the resulting model. The undesirable feature
of this method is the specification error, implicit in the approximation of the
basic structural form, which causes such estimators as 3SLS to be asymptotically
biased.

Moreover, the parameters of a stochastic differential equation system are un-
likely to be completely free of a priori restrictions. For instance, theory sometimes
suggests that certain variables be excluded from an equation and the corres-
ponding parameters are then restricted to be zero. Full use must be made of such
information if parameter estimates are to be efficient ; and by estimating the model
in a form consistent with its specification we have more opportunity for taking
into account a priori restrictions than if we are dealing with an approximate
model.

In this study a procedure is considered that provides consistent and asymp-
totically efficient estimators of the parameters in the structural form of a stochastic
differential equation system. For a simple three-equation Phillips > model the small-
sample properties of the estimators are investigated using the Monte Carlo
simulation technique. In particular, we are interested in whether the asymptotic
distributions of the estimators give a reasonably reliable guide to their small-
sample distributions. Finally, these estimators are compared with the 3SLS
estimators obtained from the discrete approximation to the specified differential
equation system.

1.2. The General First-Order Model

The general first-order stochastic differential equation system can be written
1) Dy(t) = A(G)¥(t) + b(0) + L(1),

where D is the differential operator d/dt, y(tjisan n x 1 vector of random functions
observable at discrete points in time (¢), 6 is a p x 1 parameter vector whose
elements are the key economic parameters of interest in the model, the matrix A
and the vector b have elements that are functions of 6, and {(¢) is a vector of dis-
turbances. In the general stochastic hypothesis of the model (1), certain properties
are attributed to the disturbance vector {(t). We shall assume the elements of-
{(¢) satisfy:

2 EUZf(t)Ci(t)dt] =0 (i=1,...,n),

3) E[ f " f(ts — DL dr j gt — ) dr] - a, f "1ty — Pglts — r)dr

(,j=1,...,n),

4 See Zellner and Theil [12].
5 The Phillips model (Phillips [7]) modified by a lag in the consumption equation.
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and
@ EU”ﬂa—wmwwf¥m—wmmm}=o (= 1b.. i)

where E represents the expected value, t;, < t, < t; < t,, f and g are weight func-
tions, o;; are parameters, and g;; > 0 for all i.

Suppose A4 has distinct characteristic roots f;, ,, ..., B, all with negative real
parts. Then there exists a nonsingular matrix P (the matrix with the characteristic
vectors of A as its columns) such that

®) P AP = diag (B,, B,,...,B,) = 4, say.

It can be shown® that equispaced observations generated by (1) satisfy the
autoregressive scheme:

(6) ¥e) = BO)y(t — 1) + A7 (9)[B(S) — 11b(6) + &(1)

where

BO) =, &= [ PP dr,
and -
™ Ewwm:ﬂPwrwmwwwm=asw

where X is the n x n matrix with g;; its elements.

1.3. A Simple Trade-Cycle Model
Consider the modified Phillips model

®) DC(r) = of(1 — 9)Y(2) + F — C(1)],
© DY(t) = A[C(t) + DK(r) — Y(#)],
(100 DK() = y[pY() — K()],

where Y(z) is real net national income at time ¢, C(t) is real consumption, K(t)
is the amount of fixed capital, F is the autonomous consumption component,
and a, s, 4, 7y, v are parameters of the model. In this study, F was regarded as a
predetermined variable whose constant value (F = 5) was known. This assumption
was made to simplify regression programmes. Of course, in practical econometric
work the value of F would need to be estimated along with the other parameters.

By substituting equation (10) into (9) and introducing disturbances into the
resulting equations we obtain the stochastic model

(11) Dy(t) = Ay(®) + b + {(©)

¢ C.f. Bergstrom [3].
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where >
C(r) —o ol —s) 0 oF
o= |Y@®)|, A= AMy—1) =iy, b=| 0|,
K(t) 0 -y 0

and we assume {(t) satisfies (2), (3), and (4). Let 6’ = [a, 4, , v, 5] be the vector of
parameters in this system.
It follows from (6) that equispaced observations generated by (11) also satisfy

(12) ¥t) = Byt — 1) + A~ Y(B — )b + &(b).

1.4. Generation of Data

To estimate the parameters of the structural form (11), a sequence of observations
{y(@®);t =1,..., T} must be made on the aggregate variables of the model. In
applied work, time series are usually available for this purpose. However, in this
study a simulation technique was used to generate observations through the system
(12). The observations then satisfy the structural form (11).

To generate the data we need to specify true parameter values

(13) 8% = [a° A°,7°, v°, s°] = [0.6, 4.0, 0.4, 2.0, 0.25]

and the autonomous consumption F = 5. Furthermore, we assume that the
integrals of {(t) are normally distributed with a covariance matrix equal to the
identity matrix. It follows that &(¢) is N(0, Q) where Q is given by (7) and

E[E(1)é(s)] =0

for t # s (because of (4)).
With the parameter values (13)

—-06 0.45 0 3
(14 A=| 40 —-08 -16|, b=]|0],
0 0.8 04 0

and the characteristic values of A are
B, = —1.56579, p, = —0.1171 + 0.37358i,
3= —0.1171 — 0.37358i.

We may now calculate B, A~ (B — I)b, and, using (7), Q.

But before (12) can be used to generate observations, a starting point y(0) in the
series must be specified. The equilibrium value, lim E[ y(¢)], was used for this pur-
pose. Artificial samples could now be generated by using variates sampled from
N(0, Q). However, in order to use N(0,I) variates, 2 was diagonalised by the
orthogonal matrix R:

R'QR = diag (a2, 63, 63)

(13)
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and the new system
z(t) = R'By(t — 1) + RA~Y(B — Db + &),
¥(t) = Rz(t), where &(t) = R&(1),

was constructed. Clearly, the standardised variates ¢,(t)/o; (i = 1, 2, 3) are N(0, 1).

The system (16) was used to generate 100 samples each of 25 observations on
y(t) and 7,500 random N(0, 1) variates (taken from Wold’s tables’) were needed
to do this.® Calculations were done on the University of Auckland’s IBM 1130
Version 2A computer and the machine was programmed to punch the sample
observations on cards.

(16)

2. PARAMETER ESTIMATION

2.1. The Minimum Distance Procedure

Let d(6) = A(5)” ![B(6) — I]b(9). Then, the reduced form obtained in the last
part is

(17) Wt) = N(9)z(r) + (1)

where N(6) = [B(6),d(5)] and z(t) = [y(t — 1), 1]. It is convenient to rewrite
(17) as

(18) y(t) = g(d) + &(t)

where g,(d) is a vector whose components are nonlinear functions of the param-
eters d, the lagged endogenous variables y(t — 1), and exogenous consumption F.
It is possible, therefore, to use a nonlinear procedure® to estimate the parameter
vector & directly from (18), given a series of observations {y(t);t = 1,..., T} on
the variables.

We denote by 64(S7) the vector which minimises the quadratic form

T
(19) TZ y(©) — g0 Sr¥(t) — g{9)]

where S, is some positive definite matrix. It is clear that the functions g;(d) are
differentiable with respect to d, at least to the third order, so that we may construct
the matrix of derivatives

0
0.0) = [( 5 5kg,,(5>) ]

Then 6,(S7) satisfies the necessary condition

1 T
(20) Hy(Sr,0) = T Y. 0.0)S7[¥(r) — g(9)] = 0.
t=1

7 See H. Wold [11].
8 The first sample generated is given in Table A-1 (Appendix).
9 Such a procedure is described in Malinvaud [6, Ch. 9, Sections and 5].
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This system involves five nonlinear simultaneous equations in the elements of 6.
We shall now examine an iterative procedure!® to obtain the solution vector of the

system.
The general model (18) with which we are working may be reconsidered as the

linear model
(21) x(f) = Q0 + &(1),

where x(t) = y(t) — g,(6°) + Q,6° and Q, = Q,(5°), because, for the true value of
the parameter vector 6°, (21) reduces to the basic model (18). The fact that (21)
is not a realistic model'! is unimportant, for it is used here only to help solve (20)
and later to develop an asymptotic theory for a practical estimator.

The vector 84(Sy) which minimises the quadratic form

T
T™1 Y [x(t) — Q06)'Se[x(t) — Q6]
t=1
satisfies
(22) H’I‘(ST7 50) - MT(STs 50)(5 - 50) =0

where

T
MT(ST’50) =T! Z Q;STQt'

t=1

It is equation (22) that suggests an iterative procedure leading to the solution of
(20). However, the elements of H; and M involve derivatives of g(J) which need
to be calculated for values of 6 at each iteration. Hence, we define

1 T

Hy(Sy, 0") = T Y Q™Y S[¥(t) — g{6™)]
t=1

and

1 T

= Y, Q6™ SrQ(6™).

T.5

Suppose 6 is our initial value (later, a method of finding a suitable 6® will be

discussed). Then the first approximation is obtained by solving

Hy(S7,0'”) — M(Sg, 6) (0" — 6'9) = 0.

M(St, ") =

10 A Newton procedure of successive approximations was not used as it involved the calculation
of second order partial derivatives which for this model proved too costly in terms of computer core
storage space. The advantage this method probably has over the one we are about to derive is a more
rapid convergence to the solution.

1 The model is not realistic simply because the vector x(t) and matrix Q, cannot be calculated from
the observations without knowledge of the true parameter vector 6°. Consequently, no estimator that
depends on sample values of x(t) and Q, can be obtained in practice. Malinvaud [6, p. 293], calls this
model a “linear pseudo-model.”



