Problems and Solutions

Problems

97.1.1 Standard Errors for the Long-Run Variance Matiproposed by Paolo Paruolo.
Consider gp-dimensional vector autoregressive model of orkler 1parameterized in
ECM form as follows
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wheree; s N(0,Q), Q positive definite ; see Johansen(1995,Ch.2), to which we refer

for general definitions and background. et= 1 — Zf;f I'; and assume that I(1) con-
ditions are satisfied (Johansen, 1995, Theorem 4.2) such that, by an appropriate choice of
initial values, X, has the representation

t
X, =C) e+, )
i=1

whereY; is stationary and’ = 3, (o, '8, )~'a/, . Let"indicate maximum likelihood
estimates,P, = a(a’a)~!a’ the projection matrix ontepan(a),and vec() the column
stacking operator.

1. The long-run variance of the system is given®@QC’ (see Johansen (1995, p.49).
Show that

TV2pec(COC" — COC) 5 N(0,2Pp(CQQ™" + 26'S71)QC" w CQC')Pp), (3)

whereD is the duplication matrix of order (see Magnus and Neudecker, 1988, Sect,
3.8)andwher& = Var(Z;), Z: = (X]_,8,AX]_,---,AX,_,),and¢’ = (C'T—
DNa(d/a)™t,C’,- -, C"), following the notation in Johansen(1995, Theorem 13.7).onto
the

2. Consider the orthogonalized shocks

N = A715t7

whereQ2? = AA’ is the Choleski decomposition 6f. By interpretingn, as structural
innovations, 2) can be rewritten as

t
X, =C*Y n+Y; 4)

=1
whereC* = C A represents the loadings of the variableXinonto the common struc-
tural trends. Show that

T ?vec(C — C*) % N(0, (A'€'S™ 1A CQC") + %B(Q ®Q)B), (5)
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whereB = (I ® C)D(D'(A® I)D) 1D’
3. Discuss the singularity of the asymptotic covariance matrices in 3 and 5.
4. Discuss the effects of introducing a driftin the right-hand side of 1 on the preceding
results.
Hint: Use Theorem 13.7 from Johansen(1995) or Theorem 7.1 from Paruolo (1997).
Note that Johansen uses implicitlyaav stacking operator.
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Solutions

96.1.1. Approximating the finite Sample Bias for Maximum Likelihood Estimators
Using the Score— Solution, proposed by Bert Lambrecht, William Perraudin, and Stephen
Satchell. Definel () as the logarithm of the likelihood function of the data dividedby
wherern is the sample size. Assume that the usual regularity condotions for parameter
differentiation hold. Defind.;(3) to the i-th derivative of with respect of3 and assume
that these derivatives exist. L&{(3) = E(L;(53)), whereL;(3) and\;(3) are evaluated
at the true parameter value. Define

L= VnLi(B) (6)
la = Vn(La(B) — Xa(B)) )
I3 = Vn(Ls(B) — As(B)) 8)

wherel lo I3 s Op(1).



